Ńěłæĺĺ ŕő ňőďãńïàŋëň äőàňăň

Ă.Ň.Ńěćĺŋ

1 Ńěłæĺï 1: Šàĺčőŋőňěâàĺï

1.1 Šàĺčőŋőňěâàĺçěáłĺě àïďë İľğěŋèâěľŋă

Őąêěłâőň ŋăèěčő ĺğãçěŋĺï ąãďãâ äãŋłæĺĺ, őąńăďăîéĺě áćőľáâćőň ŕěàĺőďĺçŋőáâĺ ŕàĺ áďćĺčě ŋă ěďĺŋĺæã:

f(x + 1) = f(x) (1.1) Ğăďăçă áőáâőĺâ ć ŋăåőęďěŋĺĺ ćáěå âăłĺå äãŋłæĺľ. Ć áăňőň őąéěň ćĺďě őâćěâőň ïćńïěâáï àïď, ïćńïîéĺľáï ãáàěďŋěŋĺěň ŋěłőâőàőľ äãŋłæĺĺ ϕ(x) ŕő ćáěľ àěèěâłě: ∞∑ μ=−∞ ϕ(x + μ) (1.2)

Řïďăňĺ İľğěŋèâěľŋă ŋăğëćăîâáï áńěďãîéĺě äãŋłæĺĺ:

ε_k(x) = ∞∑ −∞ 1 (x + μ)^k

(1.3)

Ğďěáì k ≥ 2, çâőąë őąěáŕěçĺâì áåőďĺňőáâì. Őçěćĺďŋő, çâő ăŋăńőčĺçŋëľ àïď ďńï k = 1 ïćńïěâáï àăáåőďïéĺňáï. Ŕőíâőňã ďńï ěčő őŕàěďěńěŋĺï ććěďěň áãňňĺàőćăŋĺě ŕő İľğěŋèâěľŋã, ćëďěńïï ěčő ĺŋďěłáőň e:

ε_1(x) = ∑ e 1 x + μ = lim_{N→∞} N∑ −N 1 x + μ ∗ (1.4)

Ŋěŕàĺïâŋőáâìî ŕàĺ âăłőň őŕàěďěńěŋĺĺ ňőčńă ąë áâăâì ŕőâěàï ŕěàĺőďĺçŋőáâĺ. Őďŋăłő íâőčő ŋě ŕàőĺáåőďĺâ:

ε_1(x + 1) − ε_1(x) = lim_{N→∞} ( 1 x + N + 1 − 1 x − N ) = 0 Ĺğ őŕàěďěńěŋĺľ (1.3-1.4) áńěďãěâ őçěćĺďŋőě, ŋě áçĺâăï ďőłăğăâěńìáâćă ŕőçńěŋŋőčő ďĺääěàěŋæĺàőćăŋĺï, áćőľáâćő àïďőć İľğěŋèâěľŋă: ∂ε_k(x) ∂x = −kε_{k+1}(x) (1.5)

∗Łăł ąãďěâ ćĺďŋő ĺğ ďăńìŋěľèěčő: ε_1(x) = π cot πx

Ćëŕĺèěň ŕőńěğŋőě ć ďăńìŋěľèěň àăğńőęěŋĺě äãŋłæĺĺ ε_1(x) ć őłàěáâŋőáâĺ ŋãńï:

ε_1(x) = 1 x − ∑ k≥0 γ_{2k}x^{2k−1} (1.6)

Ŋěâàãďŋő ŕàőćěàĺâì, çâő łőŋáâăŋâë őŕàěďěńïîâáï äőàňãńőľ:

γ_{2k} =

∑_′ 1 μ^{2k} , (1.7)

čďě èâàĺå őğŋăçăěâ őâáãâáâćĺě ć áãňňě çńěŋă á μ = 0.

1.2 Ťőàňãńë áńőęěŋĺï

Ďńï ŕàőĺğćőńìŋëå p, q ĺ r âăłĺå, çâő p+q +r = 0, őçěćĺďŋő ćëŕőńŋïěâáï áńěďãîéěě àăćěŋáâćő: 1 pq + 1 qr + 1 rp = 0 (1.8)

Ťőàňãńë áńőęěŋĺï ïćńïîâáï ăŋăńőčăňĺ íâőľ ŕàőáâőľ äőàňãńë, łőâőàãî ňőęŋő ŋăğćăâì äőàňãńőľ áńőęěŋĺï ďńï àăæĺőŋăńìŋëå äãŋłæĺľ.

Ŕőńőęĺň ŕő őŕàěďěńěŋĺî:

P (x, y) = ε_1(x)ε_1(y) + ε_1(y)ε_1(z) + ε_1(z)ε_1(x), x + y + z = 0 (1.9)

Ŋăĺćŋëň őąőąéěŋĺěň (1.8) ňőčńő ąë ąëâì àăćěŋáâćő P (x, y) = 0. Őďŋăłő íâő ãâćěàęďěŋĺě ŋěćěàŋő. Ďěľáâćĺâěńìŋő, ŕőńőęĺň ć (1.8) p = x + μ, q = y + ν, r = z − μ − ν ĺ àăááňőâàĺň áãňňã ŕő μ ĺ ν: ∑ e ( 1 x + μ 1 y + ν + 1 y + ν 1 z − μ − ν + 1 z − μ − ν 1 x + μ ) (1.10)

Ğăäĺłáĺàãěň âěŕěàì ŕőàïďőł áãňňĺàőćăŋĺï. Ąãďěň, ŋăŕàĺňěà, áãňňĺàőćăâì áŋăçăńă ŕő μ, ă ğăâěň ŕő ν. Ŕěàćëě ďćă áńăčăěňëå ďěľáâćĺâěńìŋő áőćŕăďăîâ á áőőâćěâáâćãîéĺňĺ ć (1.9), ŋő âàěâìě áőďěàęĺâ μ ć őąőĺå ňŋőęĺâěńïå ĺ, ŕőíâőňã, ŋăĺćŋëľ őâćěâ ŋěőçěćĺďěŋ.

Ğăňěâĺň, çâő ĺğ őŕàěďěńěŋĺï (1.9) áńěďãěâ, çâő äãŋłæĺï P (x, y) = f(x) + g(y). Łàőňě âőčő ĺğ áĺňňěâàĺĺ P (x, y) = P (y, x) áńěďãěâ, çâő P (x, y) =^1_2 (f(x) + g(x)) + 1 2 (f(y) + g(y)), â.ě. f(x) = g(x), âőčďă f(−x − y) = f(y) ≡ const. Ćëçĺáńĺň íâã łőŋáâăŋâã. Ďńï íâőčő ďőáâăâőçŋő ŕőďáâăćĺâì ć P (x, y) àăğńőęěŋĺě äãŋłæĺľ ε_1(x), ε_1(y) ĺ ε_1(z) ŕő äőàňãńě (1.6), őáâăćńïï ć ŋěľ çńěŋë ŋě ćëèě ŕěàćőčő ŕőàïďłă ňăńőáâĺ: P (x, y) ≈ (_1 x − xγ_2 ) (_1 y − yγ_2 ) + (_1 y − yγ_2 ) (_1 z − zγ_2 ) + (_1 z − zγ_2 ) (_1 x − xγ_2 ) ≈ ≈ −γ_2 (_x y +^y_x +^y_z +^z_y +^z_x +^x_z ) = 3γ_2

Ĺâăł, äőàňãńă áńőęěŋĺï:

ε_1(x)ε_1(y) + ε_1(y)ε_1(z) + ε_1(z)ε_1(x) = 3γ_2 (1.11)

Ĺğ äőàňãńë (1.11) áńěďãîâ ŋěáłőńìłő ćăęŋëå ãâćěàęďěŋĺľ:

1. Ťãŋłæĺĺ ε_k(x) ïćńïîâáï ŕőńĺŋőňăňĺ ŕő ε_1(x). Ďńï ďőłăğăâěńìáâćă ďőáâăâőçŋő ćëŕĺáăâì äőàňãńã áńőęěŋĺï ŕàĺ ňăńëå y ĺáŕőńìğãï àăğńőęěŋĺě (1.6) ĺ àěłãààěŋâŋőě áőőâŋőèěŋĺě (1.5). Ŋăŕàĺňěà:

ε_2(x) = −ε^′_1(x) = ε^2_1(x) + 3γ_2 (1.12)

2. Łőŋáâăŋâë γ_{2k} ïćńïîâáï ŕőńĺŋőňăňĺ ŕő γ_2 á àăæĺőŋăńìŋëňĺ łőíääĺæĺěŋâăňĺ:

γ_4 = 1 5 γ^2 , γ_6 = 2 7 γ_2γ_4 = 2 35 γ^3_2 , ... (1.13)

3. Ŕőńőęĺň ŕő őŕàěďěńěŋĺî çĺáńő π = √ 3γ_2, âőčďă ŕőďáâăŋőćłă ćĺďă:

ε_1(x) = iπ e(x) + 1 e(x) − 1

(1.14)

ŕěàěćőďĺâ äőàňãńã áńőęěŋĺï (1.11) ć äãŋłæĺőŋăńìŋőě ãàăćŋěŋĺě ďńï íłáŕőŋěŋâë:

e(x + y) = e(x)e(y) (1.15)

Őâáîďă ĺňěěň:

e(x) = e^{2πix} (1.16) ε_1(x) = π cot(πx) (1.17) Śńěďãěâ ğăňěâĺâì, çâő ŋăň ãďăńőáì őŕàěďěńĺâì íłáŕőŋěŋâã áàăğã łăł ğăćěďőňő ŕěàĺőďĺçěáłãî äãŋłæĺî. Śâăŋďăàâŋőě àăğńőęěŋĺě ć àïď ŕőńãçĺâáï, ěáńĺ ć ěě őŕàěďěńěŋĺě: e(x) =^{ε1(x)+πi}

ε_1(x)−πi ŕőďáâăćĺâì àăğńőęěŋĺě (1.6).

1.3 Łćăğĺŕěàĺőďĺçěáłĺě äãŋłæĺĺ

Řăááňőâàĺň àïď: ϕ(x) = x ∏ e ( 1 + x μ ) , (1.18)

čďě ŕàőĺğćěďěŋĺě ŕő İľğěŋèâěľŋã őŕàěďěńěŋő ăŋăńőčĺçŋő áãňňĺàőćăŋĺî (1.4). İâőâ àïď ïćńïěâáï ăŋâĺŕěàĺőďĺçŋëň ŕő x. Ňőęŋő ŕőłăğăâì, çâő ϕ(x) = e(x) − e(−x) 2πi = sin πx π (1.19)

Łàőňě âőčő, łăł ŋěâàãďŋő ŕàőćěàĺâì: ∂ ∂x log ϕ(x) = ε_1(x) (1.20)

Řïď (1.18) ŕőŋăďőąĺâáï ŋăň ć ďăńìŋěľèěň.

Ć ğăćěàèěŋĺě čńăćë, ŕőńãçĺň ăŋăńĺâĺçěáłĺľ àïď ďńï ďàőąŋőľ çăáâĺ. Ďńï íâőčő àăááňőâàĺň àïď: g(x, y) = ∑ e(−μy) x + μ , y ∈ R (1.21)

Őçěćĺďŋő, çâő íâőâ àïď ğăćĺáĺâ âőńìłő őâ ďàőąŋőľ çăáâĺ y: [y]. Ŕěàěáãňňĺàőćăŋĺěň ňőęŋő ŕőńãçĺâì: g(x, y) = { 2πi^{e(xy)}_{e(x)−1} , 0 < y < 1 ε_1(x) =^1_2 (g(x, 0) + g(x, 1)), y = 0

(1.22)

İâő ćëàăęěŋĺě ňőęŋő ŕàőďőńęĺâì ŋă ćáî ŕàïňãî, őŕàěďěńïï ěčő ğŋăçěŋĺě ć âőçłăå àăğàëćă łăł ŕőńãáãňňã.

Ĺáŕőńìğãï (1.22) ňőęŋő ćëŕĺáăâì ăŋăńĺâĺçěáłĺľ àïď ďńï ďàőąŋőľ çăáâĺ: ∑_′ e(−μy) μ = 2πi ( [y] − 1 2 ) (1.23) ∑_′ e(−μy) μ^2

= (2πi)^2 ( [y]^2 2 − [y^2] 2 + 1 12 ) (1.24)

Őąőąéěŋĺěň (1.18) ïćńïěâáï: ϕ(x, t) = ∏ e ( 1 + x t + μ ) = ϕ(x, t) ϕ(t) , (1.25)

1.4 Ďćőïłőŕěàĺőďĺçěáłĺě äãŋłæĺĺ

Ŕãáâì ďăŋă àěèěâłă Γ á őąàăğãîéĺňĺ u ĺ v, ŕàĺçěň ćěłâőà v ŋă łőňŕńěłáŋőľ ŕńőáłőáâĺ ŕőńãçăěâáï ĺğ u ŕőćőàőâőň ŋă ãčőń, ňěŋìèĺľ π ŕàőâĺć çăáőćőľ áâàěńłĺ. Ććěďěň őąőğŋăçěŋĺï: ξ = x u , τ = v u , Imτ > 0 (1.26) E_k(x, u, v) = ∑ m,n e 1 x + mu + nv (1.27)

Ŕàĺ k ≥ 3 àïď áåőďĺâáï ăąáőńîâŋő ĺ ŋě ğăćĺáĺâ őâ ćëąőàă őąàăğãîéĺå: E_k(x, u, v) = E_k(x, Γ), k > 3. (1.28) Ŕàĺ k = 1, 2 ŕàĺňěŋïěâáï áãňňĺàőćăŋĺě ŕő İľğěŋèâěľŋã, ŕàĺçěň: ∑ m,n e = ∑ n e∑ m e (1.29)

E_k ïćńïîâáï őďŋőàőďŋëňĺ äãŋłæĺïňĺ áâěŕěŋĺ k: E_k(λx, λu, λv) = λ^{−k}E_k(x, u, v) (1.30) Ŕãáâì u = 1. Ĺáŕőńìğãï ŕàěáłàĺŕæĺî (1.29), ŕőńãçăěň:

E_1(ξ, τ) = ∑ n e∑ m e 1 ξ + m + nτ = ∑ n e πi e(ξ + nτ) + 1 e(ξ + nτ) − 1 (1.31)

Ćĺďŋő, çâő ąěğ áãňňĺàőćăŋĺï ŕő İľğěŋèâěľŋã àïď ŋě áåőďĺâáï, â. ł. őąéĺľ çńěŋ áâàěňĺâáï ł −1 ŕàĺ n → ∞ ĺ ł 1 ŕàĺ n → −∞. Ŕěàěáãňňĺàőćăŋĺěň ŕőńãçăěň:

E_1(x) = 1 x − ∞∑ 1 e_{2k}(u, v)x^{2k−1}, (1.32)

čďě: e_{2k}(u, v) = ∑ m,n e^′ 1 (mu + nv)^{2k} (1.33)

Ć őâńĺçĺĺ őâ âàĺčőŋőňěâàĺçěáłőčő áńãçăï ŕàĺ âăłőň áŕőáőąě áãňňĺàőćăŋĺï âěàïěâáï ŕěàĺőďĺçŋőáâì ŕő v: E_1(x + u, u, v) = E_1(x, u, v), E_1(x + v, u, v) = E_1(x, u, v) − 2πi u , (1.34)

ďěľáâćĺâěńìŋő: lim_{N→∞} N∑ −N ε_1(ξ +nτ +τ)−ε_1(ξ +nτ) = lim_{N→∞}(ε_1(ξ +(N +1)τ)−ε_1(ξ −Nτ)) = −2πi (1.35)

Ŕěàěåőď ł ďàãčőňã ąăğĺáã őáãéěáâćńïěâáï ŕàěőąàăğőćăŋĺěň: ṽ = av + buũ = cv + du, ad − bc = 1, (1.36) čďě a, b, c, d- ćěéěáâćěŋŋëě çĺáńă. Šăłőě ŕàěőąàăğőćăŋĺě áőåàăŋïěâ őàĺěŋâăæĺî ąăğĺáă.

Şâćěàęďěŋĺě 1:

1. E_1(x, ũ, ṽ) − E_1(x, ũ, ṽ) = c_1 + c_2x. Ŕàőćěàïěâáï ďćőľŋëň ďĺääěàěŋæĺàőćăŋĺěň ŕő x (E_3 áåőďĺâáï ăąáőńîâŋő).

2. c_1 = 0, â. ł. E_1- ŋěçěâŋă ŕő x. 3. c_2 = 2πi^c_{uũ} . E_1(x + ũ, ũ, ṽ) − E_1(x + cv + du, u, v) = E_1(x, ũ, ṽ) − (E_1(x, u, v) − 2πi u ) (1.37)

Łăł áńěďáâćĺě, ŕőńãçăěň áőőâŋőèěŋĺï: E_1(x, ũ, ṽ) = E_1(x, u, v) + 2πi^c_{uũ} x, E_2(x, ũ, ṽ) = E_2(x, u, v) − 2πi^c_{uũ} , e_2(ũ, ṽ) = e_2(u, v) − 2πi^c_{uũ} .

(1.38)

Ĺáŕőńìğãï (1.28,1.30,1.38), ŕőńãçăěň âàăŋáäőàňăæĺőŋŋëě áćőľáâćă E_k ŕàĺ ŕàěőąàăğőćăŋĺïå ąăğĺáă (1.36), ďőŕőńŋěŋŋëå àăáâïęěŋĺěň ăàčãňěŋâă x:

E_k( ξ cτ + d , aτ + b cτ + d ) = (cτ + d)^kE_k(ξ, τ) + { 2πcξ, k = 1 −2πc(cτ + d), k = 2 (1.39)

Ťãŋłæĺï ℘(x) = E_2(x) − e_2 ŋě ğăćĺáĺâ őâ ŕőàïďłă áãňňĺàőćăŋĺï ĺ ŋăğëćăěâáï ℘- äãŋłæĺěľ Ćěľěàèâàăááă.

Šěőàěňă (Ńĺãćĺńńì):

İńńĺŕâĺçěáłăï äãŋłæĺï, ŋě ĺňěîéăï őáőąěŋŋőáâěľ, ïćńïěâáï ŕőáâőïŋŋőľ. Ĺğ áőőâŋőèěŋĺľ:

E^2_3 = (E_2 − e_2)^3 − 15E_4(E_2 − e_2) − 35e_6, E_4 = (E_2 − e_2)^2 − 5e_4, (1.40)

áńěďãěâ, çâő e_8, e_{10}, ... ïćńïîâáï ŕőńĺŋőňăňĺ őâ e_4, e_6 (ăŋăńőč ãâć. (1.13)). 2πi ∂ ∂τ E_1(ξ, τ) = E_3(ξ, τ) − E_1(ξ, τ)E_2(ξ, τ) (1.41)

Ĺááńěďãěň áćőľáâćă äãŋłæĺĺ: Φ(ξ, τ) = ξ ∏ e ′ ( 1 + ξ m + nτ ) , (1.42)

łőâőàăï ïćńïěâáï őąőąéěŋĺěň (1.18). Šăłęě łăł ĺ ć íńńĺŕâĺçěáłőň áńãçăě (1.20) ćëŕőńŋïěâáï áőőâŋőèěŋĺě: ∂ ∂ξ log Φ(ξ, τ) = E_1(ξ, τ). (1.43)

Ĺáŕőńìğãï (1.25), ŕőńãçăěň: Φ(ξ, τ) = ϕ(ξ) ∏ e

′ ϕ(ξ, nτ) = 1 2πi (z^{1/2} − z^{−1/2}) ∞∏ 1 (1 − zq^j )(1 − z^{−1}q^j) (1 − q^j)^2

, (1.44)

čďě ĺáŕőńìğőćăŋë őąőğŋăçěŋĺï: z = e(ξ), q = e(τ). Őâáîďă áńěďãîâ áćőľáâćă äãŋłæĺĺ Φ(ξ, τ) ŕàĺ ňőďãńïàŋëå ŕàěőąàăğőćăŋĺïå:

Φ(ξ + 1, τ) = −Φ(ξ, τ) (1.45)

Φ(ξ + τ, τ) = −z^{−1}q^{−1/2}Φ(ξ, τ) (1.46) Ğŋăï ğăłőŋ ŕàěőąàăğőćăŋĺï E_1 (1.39) ĺ áćïğì ňěęďã E_1 ĺ Φ(ξ, τ), ňőęŋő ŕőńãçĺâì: Φ( ξ cτ + d , aτ + b cτ + d ) = 1 cτ + d e( 1 2 cξ^2 cτ + d )Φ(ξ, τ), (1.47)

Ŋőàňĺàőćőçŋăï łőŋáâăŋâă őŕàěďěńïěâáï ĺğ áàăćŋěŋĺï ńěćőľ ĺ ŕàăćőľ çăáâěľ ŕàĺ ξ = 0. Řïď Ťãàìě ŕő ξ ďńï Φ(ξ, τ) áőďěàęĺâ ŕőńãæěńëě áâěŕěŋĺ z (ĺğ-ğă áćőľáâćă ăŋâĺŕěàĺőďĺçŋőáâĺ (1.45)) ĺ ňőęěâ ąëâì ğăŕĺáăŋ ć ćĺďě: Φ(ξ, τ) = F (q) ∑ a_j(q)q^{12 (j+ 12 )2} (−z)^{j+ 12} . (1.48)

Şŕàăęŋěŋĺě 1. Ďőłăğăâì äőàňãńã (1.46).

Şŕàăęŋěŋĺě 2. Ŋăľâĺ àěłãààěŋâŋãî äőàňãńã ŋă łőíääĺæĺěŋâë a_j (q). (Őâćěâ: a_j (q) = a_{j+1}(q))

Řïď: Θ(ξ, τ) = ∑ q^{12 (j+ 12 )2} (−z)^{j+ 12} (1.49) ŋăğëćăěâáï Θ- àïďőň §łőąĺ. Őŋ ãďőćńěâćőàïěâ ãàăćŋěŋĺî âěŕńőŕàőćőďŋőáâĺ: 2πi ∂ ∂τ Θ(ξ, τ) = 1 2 ( ∂ ∂ξ )^2Θ(ξ, τ) (1.50)

Ŋă Φ(ξ, τ) âăłęě ňőęŋő ğăŕĺáăâì ďĺääěàěŋæĺăńìŋőě ãàăćŋěŋĺě: ∂ ∂τ ∂ ∂ξ log Φ(ξ, τ) = ∂ ∂τ E_1(ξ, τ) = 1 2πi (E_3 − E_1E_2) = 1 4πi ∂ ∂ξ (E^2_1 − E_2), (1.51)

čďě ĺáŕőńìğőćăŋő, çâő: ∂ ∂ξ E_k = −kE_{k+1}. (1.52)

Šăłĺň őąàăğőň: 2πi ∂ ∂τ log Φ(ξ, τ) = 1 2 (E^2_1 − E_2) + f(τ) = 1 2 (E^2_1 − E_2 + 3e_2), (1.53)

čďě f(τ) ŋăľďěŋă ĺğ ăáĺňŕâőâĺłĺ ξ → 0: ∂ ∂τ log Φ(ξ, τ) → 0, ξ → 0, E_1 ∼ 1 ξ − e_2ξ, E_2 ∼ 1 ξ^2

+ e_2. (1.54)

Ěáńĺ ŋăľâĺ äãŋłæĺî η(τ), âăłãî çâő:

e_2(τ) = −4πi ∂ ∂τ log η(τ), (1.55)

âő Φ̃(ξ, τ) = Φ(ξ, τ)η^3(τ) ąãďěâ ãďőćńěâćőàïâì ãàăćŋěŋĺî âěŕńőŕàőćőďŋőáâĺ:

2πi^∂_{∂τ} log Φ̃(ξ, τ) =^1_2 (E^2_1 − E_2) = =^1_2 ( ∂^2 ∂ξ^2 log

Φ̃(ξ, τ) + (_∂ ∂ξ log Φ̃(ξ, τ) )_2)

=^1_2^{∂2}_{∂ξ2} Φ̃(ξ, τ).

(1.56)

Śńěďőćăâěńìŋő Φ̃(ξ, τ) = Θ(ξ, τ) = Φ(ξ, τ)η^3(τ). Ŕěàěŕĺèěň e_2(τ) áńěďãîéĺň őąàăğőň:

e_2(τ) = ∑_{e 1} (m+nτ )^2 = γ2 + ∑ n ′ ε_2(nτ) =^{π2}_3 − 4π^2 ∑′_qn (1−q^n)^2

= −4π^2 ( −^1_{12} + 2 ∑ n>0 ∑ j>0 jq^{nj} ) = −4π^2 ( −^1_{12} + 2 ∑ j j^{qj}_{1−qj} ) = −4πi^∂_{∂τ} log(q^{1/24} ∏_∞ j=1(1 − q^j )).

(1.57)

Őâáîďă:

η(τ) = q^{1/24} ∞∏ j=1 (1 − q^j), (1.58)

á âőçŋőáâìî ďő ŋőàňĺàőćőçŋőčő ňŋőęĺâěńï, łőâőàëľ őŕàěďěńïěâáï ĺğ íâőčő ćëàăęěŋĺï ŕàĺ q → 0 ĺ àăćěŋ 1.

Şŕàăęŋěŋĺě 3. Ĺáŕőńìğãï áćőľáâćă e_2(τ), ŕőłăęĺâě, çâő: η( aτ + b cτ + d ) = ε √ cτ + dη(τ) (ε = const).

2 Ńěłæĺï 2: Šíâă-äãŋłæĺĺ ĺ âőęďěáâćő §łőąĺ

2.1 Ďćőïłőŕěàĺőďĺçěáłĺě ňěàőňőàäŋëě äãŋłæĺĺ

Řăááňőâàĺň łőŋěçŋãî áãňňã ŋă íńńĺŕâĺçěáłőľ łàĺćőľ Σ: ∑ n a_{n,k}E_k(ξ − α_n), ξ ∈ Σ, a_{n,k} ∈ C (2.59) Ŕőáłőńìłã äãŋłæĺĺ E_k(ξ) - íńńĺŕâĺçěáłĺě ŕàĺ k ≥ 2, ă äãŋłæĺï E_1(ξ) áďćĺčăěâáï ŋă łőŋáâăŋâã ŕàĺ áďćĺčě ξ → ξ + 1, âő ďńï íńńĺŕâĺçŋőáâĺ áãňňë (2.59) ŋěőąåőďĺňő ĺ ďőáâăâőçŋő ćëŕőńŋěŋĺï áńěďãîéěčő ãáńőćĺï: ∑ n a_{n,1} = 0 (2.60)

Ć íâőň ãáńőćĺĺ ńěčłő ãğŋăâì őçěćĺďŋőě âàěąőćăŋĺě ŋă ďćőïłőŕěàĺőďĺçěłãî äãŋłæĺî ŋă íńńĺŕâĺçěáłőľ łàĺćőľ. Ă ĺňěŋŋő, áãňňă ćëçěâőć íâőľ äãŋłæĺĺ ďőńęŋă àăćŋïâìáï ŋãńî.

Ĺğćěáâŋő, çâő ńîąăï ňěàőňőàäŋăï äãŋłæĺï ŋă àăæĺőŋăńìŋőľ łàĺćőľ ňőęěâ ąëâì ŕàěďáâăćńěŋă ćĺďě ŕàőĺğćěďěŋĺï: ∏ i (x − α_i)^{ni} ∏ j (x − β_i)^{−mj} , x ∈ CP^1, n_i, m_j ∈ N (2.61)

Ŕőŕàőąãěň ăŋăńőčĺçŋëň őąàăğőň ŕőáâàőĺâì ďćőïłőŕěàĺőďĺçěáłãî äãŋłæĺî ŋă íńńĺŕâĺçěáłőľ łàĺćőľ. Ć łăçěáâćě őáŋőćŋőčő őąêěłâă ćëąěàěň âíâă-äãŋłæĺî §łőąĺ, àăááňőâàěŋŋãî ć ŕàěďëďãéěň ŕăàăčàăäě, âăł łăł őŋă ĺňěěâ ŋőńì ŕěàćőčő ŕőàïďłă ć âőçłě ξ = 0. Ŋăŕőňŋĺň ěě őŕàěďěńěŋĺě:

Θ(ξ, τ) =^∞ ∑ n=−∞ (−z)^{j+ 1}2 q^{12} (^{j+ 12} )^2 =

= iq^18 ( z^12 − z^{− 1}2 )_∞∏ n=1 (1 − zq^n) (1 − z^{−1}q^n) (1 − q^n) ,

z = e(ξ), q = e(τ)

(2.62)

Łćăğĺŕěàĺőďĺçěáłĺě áćőľáâćă: { Θ(ξ + 1) = −Θ(ξ) Θ(ξ + τ) = z^{−1}q^{− 1}2 Θ(ξ)

(2.63)

Ŕő ăŋăńőčĺĺ á (2.61) àăááňőâàĺň ŕàőĺğćěďěŋĺě: ∏ i Θ(ξ − α_i)^{ni} , n_i ∈ Z (2.64)

Ś ŕőňőéìî (2.63) ĺğãçĺň łćăğĺŕěàĺőďĺçěáłĺě áćőľáâćă íâőčő ŕàőĺğćěďěŋĺï: ∏ i Θ(ξ + 1 − α_i)^{ni} = (−1)^{∑ ni} ∏ i Θ(ξ − α_i)^{ni} ∏ i Θ(ξ + τ − α_i)^{ni} = (−1)^{∑ ni} z^{− ∑ ni} q^{− 1}2^{∑ ni} ∏ i a^{ni}_i , a_i = e(α_i)

(2.65)

§áŋő, çâő ďńï ďćőïłőŕěàĺőďĺçŋőcâĺ ŕàőĺğćěďěŋĺï (2.64) ŋěőąåőďĺňő ŕőâàěąőćăâì ∑ n_i = 0. Ďăńěě ŕőńőęĺň ∏ a_i = q^N , N ∈ N. Šőčďă äãŋłæĺï z^{−N} ∏ i Θ(ξ − α_i)^{ni} ąãďěâ őçěćĺďŋő íńńĺŕâĺçěáłőľ.

Ĺâăł, äãŋłæĺï z^{−N} ∏ i Θ(ξ − α_i)^{ni} ďćőïłőŕěàĺőďĺçŋă âőčďă ĺ âőńìłő âőčďă, łőčďă ćëŕőńŋïîâáï áńěďãîéĺě ďćă ãáńőćĺï: ∑ i n_i = 0 ∑ i α_in_i ∈ ⟨τ, 1⟩ (2.66)

Ğăňěâĺň, çâő ć áńãçăě ňěàőňőàäŋőľ äãŋłæĺĺ ŋă àăæĺőŋăńìŋőľ łàĺćőľ ćâőàőě ãáńőćĺě őâáãâáâćőćăńő, âő ěáâì ŋãńĺ ĺ ŕőńîáă ňőčńĺ ŋăåőďĺâáï ć ŕàőĺğćőńìŋëå ňěáâăå. Ć íâőň ğăłńîçăěâáï őáŋőćŋăï áŕěæĺäĺłă ňěàőňőàäŋëå ďćőïłőŕěàĺőďĺçěáłĺå äãŋłæĺľ ŋă íńńĺŕâĺçěáłőľ łàĺćőľ.

2.2 Šőęďěáâćő Ćěľěàèâàăááă ĺ §łőąĺ

Ŋăçŋěň íâőâ ŕăàăčàăä á ŕàőáâőčő ğăňěçăŋĺï: E_3(T ) = 0, čďě T - ŕőńãŕěàĺőď, âő ěáâì T ∈

{_1 2 ,^τ_2 ,^{τ +1}_2 } . İâő áńěďãěâ ĺğ ŋěçěâŋőáâĺ E_3(ξ). Şçĺâëćăï âăłęě, çâő E_3(ξ) = −2E^′_2(ξ), ğăłńîçăěň, çâő ã äãŋłæĺĺ E_2(ξ) − E_2(T ) ěáâì ŋőńì ćâőàőčő ŕőàïďłă ć âőçłě ξ = T . Őâáîďă ĺ ĺğ áâàãłâãàë ŕőńîáőć áńěďãěâ ğŋăňěŋĺâőě âőęďěáâćő Ćěľěàèâàăááă:

E_2(ξ) − E_2(T ) =

(Θ^′(0))^2Θ(ξ − T )Θ(ξ + T )

Θ^2(ξ)Θ^2(T )

(2.67)

Ćëŕĺèěň âěŕěàì ğŋăçěŋĺï âíâă-äãŋłæĺĺ ć ŕőńãŕěàĺőďăå:

Θ^′(0) = −2πq^18 ∏ (1 − q^j)^3 = 2πη^3 Θ(^1_2 ) = −2q^18 ∏ (1 + q^j )^2(1 − q^j ) Θ(^τ_2 ) = −iq^{− 1}8 ∏ (1 − q^{j− 1}2 )^2(1 − q^j ) Θ(^{1+τ}_2 ) = q^{− 1}8 ∏ (1 + q^{j− 1}2 )^2(1 − q^j )

(2.68)

Őâáîďă ŕőńãçăěň âőęďěáâćő §łőąĺ:

Θ^′(0) = πΘ( 1 2 )Θ( τ 2 )Θ( 1 + τ 2 ) (2.69)

3 Ńěłæĺï 3: Ťőàňãńă áãňňĺàőćăŋĺï Ŕãăááőŋă

Řăááňőâàĺň ěéě őďĺŋ áŕőáőą ŕőáâàőěŋĺï ňőďãńïàŋëå äőàň, őáŋőćăŋŋëľ ŋă ĺáŕőńìğőćăŋĺĺ äőàňãńë áãňňĺàőćăŋĺï Ŕãăááőŋă (ŤŚŔ). Ŋăŕőňŋĺň, çâő íâă äőàňãńă áćïğëćăěâ áãňňã ğŋăçěŋĺľ äãŋłæĺĺ ć ãğńăå àěèěâłĺ á áãňňőľ ğŋăçěŋĺľ Ťãàìě őąàăğă íâőľ äãŋłæĺĺ ć ãğńăå ďãăńìŋőľ àěèěâłĺ. Ŕàőáâěľèĺľ ćăàĺăŋâ âăłőľ áćïğĺ ğăłńîçăěâáï ć áńěďãîéěň. Řăááňőâàĺň ćěéěáâćěŋŋőğŋăçŋãî äãŋłæĺî f(x) ĺ ěě ŕàěőąàăğőćăŋĺě Ťãàìě:

f̂(p) = ∞∫ −∞ f(x)e(−xp)dx (3.70)

Šőčďă ŤŚŔ ãâćěàęďăěâ: ∑ n∈Z f(n) = ∑ m∈Z f̂(m) (3.71)

Ďńï ďőłăğăâěńìáâćă ŕőáâàőĺň ŕő äãŋłæĺĺ f(x) ŕěàĺőďĺçěáłãî á ěďĺŋĺçŋëň ŕěàĺőďőň äãŋłæĺî F (x): F (x) = ∑ n∈Z f(x + n) (3.72)

Ďńï ŕěàĺőďĺçěáłőľ äãŋłæĺĺ áãéěáâćãěâ àïď Ťãàìě (ďőńęŋăï áåőďĺňőáâì ĺŋâěčàăńőć ĺ àïďőć ćěğďě ŕàěďŕőńăčăěâáï):

F (x) = ∑ m a_me(mx), (3.73)

a_m = 1∫ 0 F (x)e(−mx)dx = 1∫ 0 ∑ n f(x + n)e(−mx)dx = = ∑ n 1∫ 0 f(x + n)e(−m(x + n))dx = ∑ n n+1∫ n f(x)e(−mx) = ∫_∞ −∞ f(x)e(−mx) (3.74)

Šăłĺň őąàăğőň, ňë ŕőńãçĺńĺ, çâő ğŋăçěŋĺě Ťãàìě őąàăğőć äãŋłæĺĺ, ćğïâëå ć æěńëå âőçłăå, ïćńïîâáï łőíääĺæĺěŋâăňĺ Ťãàìě ďńï ãáàěďŋěŋĺï íâőľ äãŋłæĺĺ:

f̂(m) = a_m (3.75)

ŤŚŔ âàĺćĺăńìŋő őąőąéăěâáï ŋă ňŋőčőňěàŋëľ áńãçăľ. Ďőáâăâőçŋő ć äőàňãńě (3.71) ğăňěŋĺâì Z ŋă Z^r, čďě r - àăğňěàŋőáâì ŕàőáâàăŋáâćă R^r , ć łőâőàőě ćńőęěŋă àěèěâłă. Ŕàĺ íâőň ŕàěőąàăğőćăŋĺě Ťãàìě ďăěâáï äőàňãńőľ:

f̂(p) = ∫ f(x)e(−(p, x))vol, (3.76)

čďě vol - äőàňă őąêěňă. Őŋă ćëąĺàăěâáï âăłĺň őąàăğőň, çâőąë őąêěň äãŋďăňěŋâăńìŋőčő ŕăàăńńěńěŕĺŕěďă ąëń àăćěŋ ěďĺŋĺæě.

Řăááňőâàĺň âěŕěàì ŋěćëàőęďěŋŋãî ŕőńőęĺâěńìŋőőŕàěďěńěŋŋãî ãŋĺňőďãńïàŋãî ąĺńĺŋěľŋãî äőàňã:

B : Z ⊗ Z → Z, det B = 1 (3.77) ĺ áőŕőáâăćĺň ěľ áńěďãîéãî äãŋłæĺî:

Θ_B(τ) = ∑ γ∈Z^r q^{12 B(γ,γ)} = ∑ γ∈Z^r f(γ), f(γ) = exp{iπτB(γ, γ)} (3.78) Ŕàĺňěŋĺň ŤŚŔ: Θ_B(τ) = ∑ γ̂∈Z^r f̂(γ̂), čďě f̂(p) = 1 (−iτ)^r2 e^{πiτ B(p)} (3.79)

Ŕàĺ íâőň ŕàěďŕőńăčăěâáï, çâő ŕőďŋïâĺě ĺ őŕãáłăŋĺě ĺŋďěłáőć őáãéěáâćńïěâáï á ŕőňőéìî áăňőľ ňăâàĺæë B. Ďăńěě ĺňěěň:

Θ_B (τ) = 1 (−iτ)^r2 Θ_B (− 1 τ ) Ĺâăł Θ_B (− 1 τ ) = (−iτ)^{r2} Θ_B (τ) (3.80)

Ğŋăçĺâ, ěáńĺ r ďěńĺâáï ŋă 8, âő Θ_B (τ) ňőęěâ ïćńïâìáï ňőďãńïàŋőľ äőàňőľ ćěáă^r_2 . Ďńï íâőčő ŋěőąåőďĺňă ĺŋćăàĺăŋâŋőáâì Θ_B (τ) őâŋőáĺâěńìŋő áďćĺčőć τ → τ + 1, çâő çěâŋőáâĺ äőàňë B. Ĺğćěáâŋő, çâő çěâŋăï ĺ ãŋĺňőďãńïàŋăï àěèěâłă áãéěáâćãěâ ć ŕàőáâàăŋáâćě àăğňěàŋőáâĺ, łàăâŋőľ 8. Ć àăğňěàŋőáâĺ 8 áãéěáâćãěâ âőńìłő àěèěâłă E_8, ć 16 - E_8 ⊗ E_8, ć 24 - E_8 ⊗ E_8 ⊗ E_8 ĺ L. Ğăňěâĺň âăłęě, çâő ć àăğňěàŋőáâĺ 8 áãéěáâćãěâ âőńìłő őďŋă ňőďãńïàŋăï äőàňă ćěáă 4 - e_4, â.ě Θ_{E8} ∼ e_4. Łőíääĺæĺěŋâ ŕàőŕőàæĺőŋăńìŋőáâĺ ćőááâăŋăćńĺćăěâáï ŕő ŕěàćëň çńěŋăň:

Θ_{E8} = γ_4e_4. (3.81)

Čăňňă-äãŋłæĺï İľńěàă ğăďăěâáï ĺŋâěčàăńőň:

Γ(s) = ∫_∞ 0 y^{s−1}e^{−y}dy, Res > 0. (3.82) Ĺŋâěčàĺàãï ŕő çăáâïň, ňőęŋő ŕőńãçĺâì:

Γ(s + 1) = sΓ(s) (3.83)

Ŕàĺ æěńëå őâàĺæăâěńìŋëå s ĺňěěâ ŕőńîá ŕěàćőčő ŕőàïďłă: Γ(s − n) ∼ (−1)^n n!(s − n) (3.84)

Ććěďěň őąőğŋăçěŋĺï ďńï âőçěł ŋă àěèěâłě ĺ ć Ś^2: w = m + nτ, (m, n) ∈ Z^2, η = r + sτ, (r, s) ∈ R^2 . (3.85) Ĺááńěďãěň áćőľáâćă äãŋłæĺĺ: K_0(ξ, η, s) = ∑ w χ_η(w) |ξ + w|^{2s} , (3.86)

čďě:

χ_η(w) = exp ( 2πi τ − τ (ηw − ηw) ) . (3.87)

Řïď (3.86) cåőďĺâáï ŕàĺ Res > 1. Ťĺğĺçěáłĺ ĺŋâěàěáěŋ áńãçăľ s = 1, łőčďă őŋ ïćńïěâáï äãŋłæĺěľ Čàĺŋă őŕěàăâőàă ??? ŋă âőàě. Ňőęŋő ŕőłăğăâì, çâő äãŋłæĺï: ~K_0(ξ, η, s) = ( τ − τ 2πi )_s Γ(s)K_0(ξ, η, s), (3.88) ăŋăńĺâĺçěáłĺ ŕàőďőńęăěâáï ŋă ćáě ğŋăçěŋĺï s.

Ďőłăęěň äőàňãńã Řĺňăŋă: ~K_0(ξ, η, s) = χ_η(−ξ) ~K_0(η, ξ, 1 − s) (3.89) Ďńï íâőčő ŕàěőąàăğãěň (3.88): (_{τ −τ} 2πi )_s Γ(s) ∑ w χ_η (w) |ξ+w|^{2s} = ∑ w (_{τ −τ} 2πi )_{s χη (w)} |ξ+w|^{2s} ∫_∞ 0 y^{s−1}e^{−y}dy = = ∑ w χ_η(w) ∫_∞ 0 y^{s−1}e^{− 2πiyτ −τ |ξ+w|2} dy = ∫_1 0 y^{s−1} (∑ w χ_η(w)e^{− 2πiyτ −τ |ξ+w|2} ) dy + ∫_∞ 1 y^{s−1} (∑ w χ_η(w)e^{− 2πiyτ −τ |ξ+w|2} ) dy. (3.90)

(ŕő ňőďãńî őąőáŋőćăŋĺï ŕěàěňěŋë ŕőàïďłă ĺŋâěčàĺàőćăŋĺï ĺ áãňňĺàőćăŋĺï). Ćőáŕőńìğãěňáï äőàňãńőľ Ŕãăááőŋă(), çâőąë ŕěàěŕĺáăâì ŕěàćőě áńăčăěňőě: ∫_1 0 y^{s−1} (∑ w χ_η(w)e^{− 2πiyτ −τ |ξ+w|2} ) dy = = χ_η(−ξ) ∫_1 0 y^{s−1} (∑ p∈Γ χ_ξ(p)e^{− 2πiy(τ −τ) |p+η|2} ) dy = = χ_η(−ξ) ∫_∞ 1 u^{−s} (∑ p∈Γ χ_ξ(p)e^{− 2πiu(τ −τ ) |p+η|2} ) du (3.91)

Ňë ŕőńãçĺńĺ ďńï ~K_0 áńěďãîéěě ćëàăęěŋĺě: ~K_0(ξ, η, s) = χ_η(−ξ) ∫^∞_1 y−s (∑ w χ_ξ(w)e^{− 2πiy(τ −τ) |w+η|2} ) dy + ∫_∞ 1 y^{s−1} (∑ w χ_η(w)e^{− 2πiyτ −τ |ξ+w|2} ) dy. (3.92)

Őâáîďă ĺ ĺğ áćőľáâćă:

χ_η(−ξ)χ_ξ(−η) = 1 (3.93)

áńěďãěâ äőàňãńă Řĺňăŋă. Őąőąéěŋĺěň (3.86)ïćńïěâáï äãŋłæĺï: K_a(ξ, η, s) = ∑ w χ_η(w)(ξ + η)^a |ξ + w|^{2s} , (3.94)

čďě a-ŋăâãàăńìŋőě ???. Ăŋăńőčĺçŋő (3.88) őŕàěďěńïěâáï ăŋăńĺâĺçěáłőě ŕő s ćëàăęěŋĺě: ~K_a(ξ, η, s) = ( τ − τ 2πi )_{s−a} Γ(s − a) ~K_0(ξ, η, s) (3.95)

Ŕàĺ a > 0 ĺňěěâáï ŕàőáâăï áćïğì ňěęďã ~K_{−a} ĺ ~K_0: ~K_{−a}(ξ, η, s) = (−1)^a ( 2πi τ − τ )_a Γ(s) Γ(s + a) ∂^a ∂ξ^a ~K_0(ξ, η, s). (3.96)

Őâáîďă ćőááâăŋăćńĺćăîâáï áćőľáâćă ~K_a.

Şŕàăęŋěŋĺě 3. Ŕőłăęĺâě, çâő: ~K_a(ξ, η, s) = χ_η(−ξ) ~K_a(η, ξ, a + 1 − s) (3.97)

4 Ńěłæĺï 4: Ďěâěàňĺŋăŋâ őŕěàăâőàă Ńăŕńăáă

Ťőàňãńă Łàőŋěłěàă: τ − τ 2πi ∑_′ χ_ξ(w) |w|^2 = − log | | |Θ(ξ, τ) η(τ) | | |^2 − 2πi(ξ − ξ) τ − τ (4.98)

Ńěćăï ĺ ŕàăćăï çăáâĺ àăćěŋáâćă ĺŋćăàĺăŋâŋë őâŋőáĺâěńìŋő ňőďãńïàŋëå ŕàěőąàăğőćăŋĺľ ξ → ξ + 1, ξ → ξ + τ. Ńěćãî çăáâì ňőęŋő ĺŋâěàŕàěâĺàőćăâì, łăł àïď Ťãàìě ďńï äãŋłæĺĺ ć ŕàăćőľ çăáâĺ.

Ťãŋłæĺï Θ ğăďăěâ àăááńőěŋĺě ŋăď âőàőň. Ŋă àăááńőěŋĺĺ ěáâì íàňĺâőćă áâàãłâãàă. log ‖ ‖ Θ(ξ,τ )_{η(τ )} ‖ ‖^2 = log | | Θ(ξ,τ )_{η(τ )} | |^2 + 2πi (ξ−ξ)^2_{τ −τ} , ‖ ‖ Θ(ξ,τ )_{η(τ )} ‖ ‖^2 = | | Θ(ξ,τ )_{η(τ )} | |^2 exp( 2πi(ξ−ξ)^2_{(τ −τ )} ) (4.99)

Ťőàňãńë Łàőŋěłěàă ĺ Řĺňăŋă ŕőńěğŋë ŕàĺ ćëçĺáńěŋĺĺ ďěâěàňĺŋăŋâă őŕěàăâőàă Ńăŕńăáă ŋă âőàě:

Δ_ξ = ( τ − τ 2πi ) ∂ ∂η ∂ ∂η , (4.100)

Ŕàĺ s = 1, η = 0 äőàňãńă Řĺňăŋă (3.89) ğăŕĺèěâáï áńěďãîéĺň őąàăğőň: (_{τ −τ} 2πi )_{1−s} Γ(1 − s) ∑ w 1 |ξ+w|^{2(1−s)} |s=1 =^1_{1−s} (∑ 1 + (1 − s)

∑_{log |w+ξ|}2 |w+ξ|^{2(1−s)} + o(1 − s) ) |_{s=1} = = ∑ log |w + ξ|^2 =^{τ −τ}_{2πi} ∑_{′ χξ (w)} |w|^2 (ŕőçěňãèâàĺå?)

(4.101)

Ğăňěâĺň, çâő áőąáâćěŋŋëňĺ äãŋłæĺïňĺ őŕěàăâőàă Ńăŕńăáă ŋă âőàě ïćńïîâáï χ_{w+ξ}:

Δ_ξ = χ_{w+ξ}(η) = |w + ξ|^2χ_{w+ξ}. (4.102) Ŕőíâőňã ďěâěàňĺŋăŋâ ćëàăęăěâáï çěàěğ áãňňã ńőčăàĺäňőć, äĺčãàĺàãîéãî ć (4.101): ∑ log |w + ξ|^2 = log det Δ_ξ (4.103)

Őâáîďă ĺ ĺğ äőàňãń (4.98,4.101) ŕőńãçăěň, çâő:

det Δ_ξ = ‖ ‖ ‖ ‖ Θ(ξ, τ) η(τ) ‖ ‖ ‖ ‖ 2 (4.104)

Ůâő-âő ğďěáì ŋăğëćăěâáï Łćĺńńěŋőćáłőľ ăŋőňăńĺěľ.

4.1 Śâàãłâãàë ŋă ŕàőáâàăŋáâćě ňőďãńïàŋëå äőàň

Ŕàőáâàăŋáâćő M^k ňőďãńïàŋëå äőàň ćěáă k áőáâőĺâ ĺğ äãŋłæĺľ ŋă ňőďãńïàŋőľ äĺčãàě, ŕàěőąàăğãîéĺåáï ŕő ğăłőŋã (???) ĺ àăğńăčăîéĺåáï ŕő ŕőńőęĺâěńìŋëň áâěŕěŋïň q: f(τ) = ∑ n≥0 a_nq^n. (4.105)

Őŋő áőďěàęĺâ ć łăçěáâćě ĺďěăńă ŕàőáâàăŋáâćő ŕăàăąőńĺçěáłĺå äőàň S^k (â.ě. âěå äőàň, ã łőâőàëå a_0 = 0). Őçěćĺďŋő, çâő ŕàĺ ãňŋőęěŋĺĺ ňőďãńïàŋëå äőàň ćěáă k ĺ l ŕőńãçăěâáï äőàňă ćěáă k + l:

M^k ⊗ M^l → M^{k+l}. (4.106)

Ŕàőĺğćőďŋăï őâ ňőďãńïàŋőľ äőàňë ŕńőåő ŕàěőąàăğãěâáï ŕàĺ ňőďãńïàŋëå ŕàěőąàăğőćăŋĺïå: ḟ(aτ + b cτ + d ) = (cτ + d)^{k+2}ḟ(τ) + ck(cτ + d)^{k+1}f(τ). (4.107)

Ńĺèì ŕàĺ k = 0 ḟ ïćńïěâáï ňőďãńïàŋőľ äőàňőľ (ćěáă 2). Őłăğëćăěâáï, çâő ňőęŋő őŕàěďěńĺâì ”ŕàăćĺńìŋãî” őŕěàăæĺî ďĺääěàěŋæĺàőćăŋĺï ňőďãńïàŋëå äőàň. Ğăłőŋ ŕàěőąàăğőćăŋĺï àïďă İľğěŋèâěľŋă e_2:

e_2( aτ + b cτ + d ) = (cτ + d)^2e_2(τ) − 2πic(cτ + d) (4.108)

ŋăâăńłĺćăěâ ŋă ňëáńì őŕàěďěńĺâì ”ďńĺŋŋãî ŕàőĺğćőďŋãî”:

D_kf = ḟ + k 2πi e_2f. (4.109)

Ŋěâàãďŋő ŕàőćěàĺâì, çâő:

D_k : M^k → M^{k+2}, D_k : S^k → S^{k+2}, D_k(fg) = D_k(f)g + fD_k(g). (4.110)

Šăłĺň őąàăğőň e_2 íâő áćïğŋőáâì ć àăááńőěŋĺĺ ŋăď ňőďãńïàŋőľ äĺčãàőľ.

Ĺğćěáâŋő, çâő ŋě áãéěáâćãěâ ŕăàăąőńĺçěáłĺå äőàň ćěáă 14 (áň. ńěłæĺî 2). Ĺáŕőńìğãï íâőâ äăłâ ĺ (4.110), ŕőńãçăěň ŕőńěğŋőě áńěďáâćĺě:

D_{12}Δ = ∂ ∂τ + 12 2πi e_2Δ = 0, (4.111)

čďě Δ-ŕăàăąőńĺçěáłăï äőàňă ćěáă 12. Őâáîďă:

Δ ∼ η^{24} (4.112)

Ŋă ňőďãńïàŋëå (ŕăàăąőńĺçěáłĺå???) äőàňăå ěáâì ąěáłőŋěçŋëľ ŋăąőà áłőąőł Łőíŋă. Ěáńĺ f ĺ g- ŕăàăąőńĺçěáłĺě äőàňë ćěáă k ĺ l áőőâćěâáâćěŋŋő, âő:

{f, g}_0 = fg − ŕăàăąőńĺçěáłăï ćěáă k + l, {f, g}_1 = lḟg − kfġ − ŕăàăąőńĺçěáłăï ćěáă k + l + 2, {f, g}_2 = l(l + 1)f̈g − 2(k + 1)(l + 1)ḟġ + k(k + 1)fg̈ − ∼ ćěáă k + l + 4 . . (4.113)

Ŋă ŕăàăąőńĺçěáłĺå äőàňăå őďĺŋăłőćőčő ćěáă ěáâì íàňĺâőćő áłăńïàŋőě ŕàőĺğćěďěŋĺě Ŕěâěàáőŋă. Ćő-ŕěàćëå ňőęŋő őŕàěďěńĺâì ńőłăńìŋãî SL(2, Z)- ĺŋćăàĺăŋâŋãî äőàňã: (f, g)|_τ = f(τ)g(τ)y^k, y = Imτ = τ − τ 2i . (4.114)

Ňőďãńïàŋãî ĺŋćăàĺăŋâŋőáâì ńěčłő ŕàőćěàĺâì: f ( aτ + b cτ + d ) g ( aτ + b cτ + d ) = |cτ + d|^{2k}f(τ)g(τ), y^k ( aτ + b cτ + d ) = |cτ + d|^{−2k}y^k(τ). (4.115)

Śłăńïàŋőě ŕàőĺğćěďěŋĺě Ŕěâěàáőŋă ŕőńãçăěâáï ŕàĺ ĺŋâěčàĺàőćăŋĺĺ (4.114) ŕő ňőďãńïàŋőľ äĺčãàě M á SL(2, R)-ĺŋćăàĺăŋâŋőľ äőàňőľ őąêñňă^{dxdy}_{y2} : < f, g >= ∫ M (f, g) dxdy y^2

. (4.116)

Ğăňěâĺň, çâő ďńï áåőďĺňőáâĺ ĺŋâěčàăńă âàěąãěâáï ŕăàăąőńĺçŋőáâì åőâï ąë őďŋőľ ĺğ äőàň f ĺńĺ g.

5 Ńěłæĺï 5

5.1 Ňěâőď Řăŋłĺŋă

Ŋăŕőňŋĺň, çâő ŕàőĺğćěďěŋĺěň Ŕěâěàáőŋă ďćãå ňőďãńïàŋëå äőàň ćěáă k ŋăğëćăěâáï: ⟨f, g⟩ = ∫ mf f(τ)g(τ)y^k dx ∧ dy y^2

, (5.117)

čďě x = Reτ, y = Imτ, ă ĺŋâěčàĺàőćăŋĺě ćěďěâáï ŕő äãŋďăňěŋâăńìŋőľ őąńăáâĺ sl(2, C ), ŋăŕàĺňěà, ŕő ňőďãńïàŋőľ äĺčãàě. Ŕàĺçěň ĺŋâěčàăń áåőďĺâáï, ěáńĺ åőâï ąë őďŋă ĺğ íâĺå äőàň ŕăàăąőńĺçŋă.

Űěńìî ďăŋŋőčő àăğďěńă ïćńïěâáï ĺğãçěŋĺě ňěâőďă Řăŋłĺŋă. Ňë ŕàőďěňőŋáâàĺàãěň ěčő ŋă ďőłăğăâěńìáâćě áńěďãîéěčő äăłâă: ⟨f, e_k⟩ = ∫ mf f(τ)e_k(τ)y^k dx ∧ dy y^2

= 0, (5.118)

âő-ěáâì ćáě äãŋłæĺőŋăńë ŋă ŕăàăąőńĺçěáłĺå äőàňăå ďăîâáï áăňĺňĺ ŕăàăąőńĺçěáłĺňĺ äőàňăňĺ. Ćëŋěáěň ć ćëàăęěŋĺĺ ďńï àïďă İľğěŋèâěľŋă őąéĺľ ňŋőęĺâěńì ĺğ łăęďőčő áńăčăěňőčő, őáâăćńïï áãňňĺàőćăŋĺě ŕő ćğăĺňŋő ŕàőáâëň ŕăàăň c ĺ d:

e_k(τ) = ′∑ 1 (m + nτ)^k = ∑ μ>0 1 μ^k ∑ (c,d)=1 1 (cτ + d)^k = 1 2 γ_k ∑ (c,d)=1 1 (cτ + d)^k , (5.119)

čďě ĺáŕőńìğőćăŋő ĺğćěáâŋőě őąőğŋăçěŋĺě ∑ μ>0 1 μ^k = 1 2 γ_k. Ďăńěě áńěďãěâ ćőáŕőńìğőćăâìáï

âěň äăłâőň, çâő ďńï ńîąőľ ŕăàë c ĺ d, âăłĺå, çâő (c, d) = 1, ŋăľďãâáï æěńëě çĺáńă a ĺ b, ďńï łőâőàëå ad − bc = 1. Šőčďă őçěćĺďŋő, çâő âőęě àăćěŋáâćő ąãďěâ ćěàŋő ĺ ďńï çĺáěń a + cj ĺ b + dj. Ďàãčĺňĺ áńőćăňĺ, ŕăàě (c, d) = 1 áőőâćěâáâćãěâ őàąĺâă ňăâàĺæ ( a b c d ) ∈ SL(2, C ) (5.120) ŕőď ďěľáâćĺěň áńěćă čàãŕŕë ňăâàĺæ Γ_∞, őáâăćńïîéĺå ŋă ňěáâě âőçłã i∞: ( 1 j 0 1 ) (5.121)

Šěň áăňëň áãňňĺàőćăŋĺě ŕő ŕăàăň (c, d) = 1 íłćĺćăńěŋâŋő áãňňĺàőćăŋĺî ŕő äăłâőàã Γ_∞ \ SL(2, C ). Šőčďă ĺňěěň: ⟨f, e_k⟩ = 1 2 γ_k ∫ mf f(τ) ∑ Γ_∞\SL(2,C ) 1 (cτ + d)^k y^k dx ∧ dy y^2

(5.122)

Ňěŋïï ŕőàïďőł áãňňĺàőćăŋĺï ĺ ĺŋâěčàĺàőćăŋĺï, ŕőńãçăěň: 1 2 γ_k ∑ M_α∈Γ_∞\SL(2,C ) ∫ mf f(τ) 1 (c_ατ + d_α)^k y^k dx ∧ dy y^2

(5.123)

čďě ĺŋďěłá α őğŋăçăěâ ŕàĺŋăďńěęŋőáâì ł ňăâàĺæě

M_α = ( a_α b_α c_α d_α )

Śďěńăěň âěŕěàì ğăňěŋã ŕěàěňěŋŋőľ ĺŋâěčàĺàőćăŋĺï ć łăęďőň áńăčăěňőň áãňňë: τ → M_ατ. Ŕàĺ íâőň őąńăáâì ĺŋâěčàĺàőćăŋĺï âăłęě ĺğňěŋĺâáï mod.fig. → M_α(mod.fig.). Łàőňě âőčő, ĺňěěň: τ_α =^{aατ +bα} c_ατ +d_α , f(τ) = (cατ + dα) −kf(τ_α), dx∧dy y^2 = dx_α∧dy_α y^2_α , y = |cατ + dα| 2y_α (5.124)

Ĺâăł ⟨f, e_k⟩ = 1 2 γ_k ∑ M_α∈Γ_∞\SL(2,C ) ∫ mf f(τ_α)y^k_α dx_α ∧ dy_α y^2_α = 1 2 γ_k ∫ ⋃ M_α(mf) f(τ_α)y^k_α dx_α ∧ dy_α y^2_α

(5.125) Őąńăáâì ĺŋâěčàĺàőćăŋĺï ⋃ M_α(mf) ŕàěďáâăćńïěâ ĺğ áěąï âăłőě ňŋőęěáâćő âőçěł, çâő ďěľáâćĺě Γ_∞ ŕěàěćěďěâ ěčő ć ďćě ćěàåŋĺå ŕőńãŕńőáłőáâĺ. Őďŋĺň âăłĺň ćőğňőęŋëň ŕàěďáâăćĺâěńěň ïćńïěâáï ŕőńőáă x ∈ [−^1_2 ,^1_2 ]. Ĺŋâěčàĺàőćăŋĺě ŕő ŕěàěňěŋŋőľ x ďăěâ ŋőńì, âăł łăł äőàňă f(τ) - ŕăàăąőńĺçěáłăï.

5.2 Őŕěàăâőàë Čěłłě

Řăááňőâàĺň àěèěâłã L. L^′ ŋăğëćăěâáï ěě ŕőďàěèěâłőľ ĺŋďěłáă n: L^{′ n}∈ L, ěáńĺ łőŋěçŋăï čàãŕŕă L/L^′ áőáâőĺâ ĺğ n íńěňěŋâőć. Őâňěâĺň ŋěłőâőàëě ćăęŋëě áćőľáâćă âăłőľ čàăďãĺàőćłĺ ŕőďàěèěâőł. Ćő-ŕěàćëå, őłăğëćăěâáï, çâő ć àěèěâłě àăğňěàŋőáâĺ m çĺáńő ŕőďàěèěâőł ĺŋďěłáă n àăćŋő:

n^m − 1 n − 1 (5.126)

Ŕàĺ íâőň ŕőďàăğãňěćăěâáï, çâő n - ŕàőáâőě.

Ćő-ćâőàëå, ďńï ńîąőľ ŕőďàěèěâłĺ L^{′ n}∈ L, àěèěâłă nL^{n2}∈ L ïćńïěâáï ŕőďàěèěâłőľ ĺŋďěłáă n ć L^′, âő-ěáâì: nl^n∈ L^{′ n}∈ L, ∀L^{′ n}∈ L (5.127) İâő, ŕőáńěďŋěě áćőľáâćő, ŋěáńőęŋő ďőłăğëćăěâáï. Ďěľáâćĺâěńìŋő, àăááňőâàĺň ćěłâőà γ ∈ L, âőčďă nγ ∈ L^′. Ďăńěě àăááňőâàĺň łńăáá [γ] ∈ L/L^′. Ŕőáłőńìłã íâă čàãŕŕă áőáâőĺâ ĺğ n íńěňěŋâőć, âő áłńăďëćăï ńîąőľ íńěňěŋâ á áőąőľ n àăğ, ŕőńãçĺň ŋőńì, âőčďă [nγ] = 0 ĺ, áńěďőćăâěńìŋő, nγ ∈ L^′.

5.3 Čěłłě áőąáâćěŋŋëľ ąăğĺá

Ćăęŋëň áćőľáâćőň őŕěàăâőàőć Čěłłě ïćńïěâáï ĺå ďĺăčőŋăńĺğãěňőáâì. Čěłłě áőąáâćěŋŋëľ ąăğĺá áãéěáâćãěâ łăł ć ŕàőáâàăŋáâćě ŕăàăąőńĺçěáłĺå äőàň, âăł ĺ ć ŕàőáâàăŋáâćě őąëçŋëå ňőďãńïàŋëå äőàň. Ć çăáâŋőáâĺ, őłăğëćăěâáï, çâő àïďë İľğěŋèâěľŋă ïćńïîâáï Čěłłě áőąáâćěŋŋëňĺ. Ŕàőćěàłőľ íâőčő äăłâă ňë áěľçăá ĺ ğăľňěňáï. T_k(p)e_k = p^{k−1} ∑ L^{′ p}∈L ∑ γ^′∈L^′ 1 γ^{′k} (5.128)

Ć ŕőáńěďŋěľ áãňňě áãňňă ąěàěâáï ŕő ćáěň ŋěŋãńěćëň γ^′. İâã áãňňã àăğőąêěň ŋă γ^′ ∈ pL ĺ γ^′ ⊊ L. Ďăńěě ćőáŕőńìğãěňáï áńěďãîéĺň ãâćěàęďěŋĺěň: { γ^′ ∈ pL ⇒ γ^′ ∈ L^′ ∀L^{′ p}∈ L, γ^′ ⊊ pL ⇒ ∃ ! L^′ : γ^′ ∈ L^′. (5.129)

Ŕàĺçěň ć ŕőáńěďŋěň áńãçăě íâă ěďĺŋáâćěŋŋăï ŕőďàěèěâłă L^′ ĺňěěâ ĺŋďěłá p ŕőàőęďăěâáï γ^′ ĺ pL. Ćáŕőňĺŋăï, çâő ŕőďàěèěâőł ĺŋďěłáă p áãéěáâćãěâ àőćŋő p + 1 ĺ őąêěďĺŋïï őďŋã ĺğ ŋĺå á ěďĺŋáâćěŋŋőľ àěèěâłőľ ć áńãçăě γ^′ ⊊ pL, ŕőńãçĺň: T_k(p)e_k = p^{k−1} ( ∑ γ∈L 1 γ^k + p ∑ γ∈pL 1 γ^k ) = p^{k−1} ( ∑ γ∈L 1 γ^k + p 1−k ∑ γ∈L 1 γ^k ) = = (p^{k−1} + 1)e_k

(5.130)

5.4 Śćőľáâćă őŕěàăâőàőć Čěłłě

Ŕãáâì (m, n) = 1, âőčďă T_k(m)T_k(n) = T_k(mn) (5.131)

Śńãçăľ ŋěćğăĺňŋőŕàőáâëå çĺáěń čěŋěàĺàãěâáï áńěďãîéĺň áćőľáâćőň:

T_k(p^r)T_k(p) = T_k(p^{k+1}) + p^{k−1}T (p^{k−1}), (5.132)

čďě p - ŕàőáâőě.

Šěŕěàì őąőáŋãěň łőààěłâŋőáâì ďěľáâćĺï őŕěàăâőàőć Čěłłě ŋă ŕàőáâàăŋáâćě ňőďãńïàŋëå äőàň. Ďńï íâőčő ŋãęŋő ďőłăğăâì, çâő ŕàĺ ďěľáâćĺĺ ŋă ňőďãńïàŋãî äőàňã, ŕőńãçăěâáï àïď Šěľńőàă. Őłăğëćăěâáï, çâő àěğãńìâăâ ďěľáâćĺï ŋă ňőďãńïàŋãî äőàňã f(τ) = ∑ n≥0 a_nq^n ďěľáâćĺâěńìŋő ĺňěěâ åőàőèěě q àăğńőęěŋĺě: T_k(p)f(τ) = ∑ m≥0 a_{mp}q^m + p^{k−1} ∑ n≥0 a_nq^{np} (5.133)

Ďńï ďőłăğăâěńìáâćă àăááňőâàĺň ŕőďàěèěâłĺ ĺŋďěłáă p ć áâăŋďăàâŋőľ àěèěâłě ŕőàőęďěŋŋőľ < τ, 1 >: L^{′ p}∈< τ, 1 >. Šăłĺě àěèěâłĺ ŕőàőęďěŋë < aτ + b, cτ + d >: ad − bc = p. Ŕőíâőňã, ňŋőęěáâćő âăłĺå àěèěâőł ňőęŋő ğăďăâì ňăâàĺæăňĺ á őŕàěďěńĺâěńěň M^p, łőâőàëě ěéě áńěďãěâ ŕàőäăłâőàĺğőćăâì ŕő ćáěćőğňőęŋëň ğăňěŋăň ąăğĺáă, â.ě. ŕő SL(2, Z). Ňăâàĺæë, ńěęăéĺě ć äăłâőàě {SL(2, Z)\M^p} ŕàěďáâăćĺňë ć ćĺďě: ( a b 0 d ) , a, d > 0, ad = p, 0 ≤< d (5.134) Ďńï ŕàőáâëå p çĺáńő âăłĺå ňăâàĺæ àăćŋő p + 1 - ĺŋďěłáã ŕőďàěèěâłĺ: ( p 0 0 1 ) , ( 1 j 0 p ) , 0 ≤ j < p (5.135)

Ćőáŕőńìğãěňáï íâĺň, ďńï âőčő, çâőąë ïćŋő ğăŕĺáăâì ďěľáâćĺě őŕěàăâőàă Čěłłě ŋă äőàňã f(τ): T_k(p)f(τ) = p^{k−1} ( f(< pτ, 1 >) + ∑ j f(< τ + j, p >) ) = = p^{k−1} ( p^{−k} ∑ j f ( <^{τ +j}_p , 1 ) > +f(pτ, 1) ) = p^{k−1} ( p^{−k} ∑ j ∑ n a_nq^{np} e (_{nj} p ) ) + ∑ n a_nq^{np} ) (5.136)

Ğăňěâĺň âěŕěàì, çâő ∑ j e ( jn p ) = { p, (n, p) = p 0, (n, p) < p (5.137)

Ďńï ďőłăğăâěńìáâćă ďőáâăâőçŋő ĺáŕőńìğőćăâì âěőàěňã Ćĺěââă ďńï ãàăćŋěŋĺï x^p −1 = 0, łőàŋïňĺ łőâőàőčő ïćńïîâáï łőàŋĺ ĺğ ěďĺŋĺæë. Šőčďă, ŕőńőęĺć n = pm, ŕőńãçĺň (5.133).

Ĺğ (5.133) áńěďãěâ, çâő ďńï Čěłłě áőąáâćěŋŋőľ äőàňë:

T_k(p)f(τ) = λ_pf(τ) (5.138)

áőąáâćěŋŋőě ğŋăçěŋĺě ŕàőáâő ćëàăęăěâáï çěàěğ łőíääĺæĺěŋâë q àăğńőęěŋĺï

λ_p = a_p a_1

, (5.139) ă ć áńãçăě ŋőàňĺàőćăŋŋëå äőàň, â.ě. a_1 = 1 ąãłćăńìŋő á íâĺňĺ łőíääĺæĺěŋâăňĺ áőćŕăďăěâ (ďőłăğăâěńìáâćő ďńï áőáâăćŋëå p ňë ğďěáì őŕãáłăěň). Őâáîďă, ć áćőî őçěàěďì áńěďãěâ őďŋőłàăâŋőáâì áŕěłâàă őŕěàăâőàă Čěłłě ŋă ŕăàăąőńĺçěáłĺå äőàňăå. Łàőňě âőčő ğăňěâĺň, çâő ďńï ŋěŕăàăąőńĺçěáłĺå äőàň áőąáâćěŋŋëě ğŋăçěŋĺï àăćŋë p^{k−1} + 1, çâő áőćŕăďăěâ á áőąáâćěŋŋëňĺ ğŋăçěŋĺïňĺ àïďőć İľğěŋèâěľŋă. İâő ïćńïěâáï őâàăęěŋĺěň âőčő äăłâă, çâő àïďë İľğěŋèâěľŋă ïćńïîâáï ěďĺŋáâćěŋŋëň (á âőçŋőáâìî ďő àăáâïęěŋĺľ) Čěłłě áőąáâćěŋŋëň ąăğĺáőň ŋěŕăàąőńĺçěáłĺå ňőďãńïàŋëå äőàň.

6 Ńěłæĺï 6

6.1 İàňĺâőćőáâì őŕěàăâőàă Čěłłě

Ďőłăęěň, çâő őŕěàăâőà Čěłłě íàňĺâőć: < T_k(n)f, g >=< f, T_k(n)g >, (6.140) čďě f ĺ g- ŕăàăąőńĺçěáłĺě äőàňë ćěáă k. Ŕő őŕàěďěńěŋĺî: < T_k(n)f, g >= ∫ {L} T_k(n)f(τ)g(τ)y^k dxdy y^2 = n^{k−1} ∫ {L} ∑ L^′⊂_nL f(L^′)g(L)(covolL)^k dxdy y^2 . (6.141) Ğďěáì ğăňěçěŋő, çâő y = Imτ =covol L. Śãňňĺàőćăŋĺě ćěďěâáï ŕő ŕőďàěèěâłăň L^′ ć L ĺŋďěłáă n. Ŕàěőąàăğãěň ŕőáńěďŋĺľ ĺŋâěčàăń, ŕőňěŋïć ňěáâăňĺ ŕőàïďőł ĺŋâěčàĺàőćăŋĺï ĺ áãňňĺàőćăŋĺï: n^{k−1} ∑ L^′⊂_nL ∫ {L} f(L^′)g(L)(covolL)^k dxdy y^2 = n^{k−1} ∫ {L^′⊂_nL} f(L^′)g(L)(covolL)^k dxdy y^2 (6.142) Łăęďőľ ŕăàě {L, L^′}, L^′ ⊂_n L őďŋőğŋăçŋő áőőâćěâáâćãěâ ŕăàă {L^′, L^{′′}}, L^{′′} ⊂_n L^′(???), ŕàĺ íâőň:

covolL^′ = ncovolL, g(L) = n^kg(nL). (6.143)

Ŕőíâőňã ćňěáâő áãňňĺàőćăŋĺï ŕő {L, L^′} ňőęŋő ŕěàěľâĺ ł áãňňĺàőćăŋĺî ŕő {L^′, L^{′′}}. Ŕàĺ ŕěàěåőďě őâ ĺŋâěčàĺàőćăŋĺï ŕő x, y ł ĺŋâěčàĺàőćăŋĺî ŕő x^′, y^′ äőàňă őąêñňă ĺŋćăàĺăŋâŋă: n^{k−1} ∫ {L^{′′}⊂_nL^′} f(L ′)g(L^{′′})n^k(covolL)^{k dx′dy′}_{y′2} = n^{k−1} ∫ {L^′} f(L ′) ∑ L^{′′}⊂_nL^′ g(L ′′)(covolL^′)^{k dx′dy′}_{y′2} = ∫ {L^′} f(τ)Tk(n)g(τ)(y) k dxdy y^2 =< f, Tk(n)g > . (6.144)

6.2 Őæěŋłĺ ďńï łőíääĺæĺěŋâőć ŕăàăąőńĺçěáłőľ äőàňë

1. Ďńï ŕăàăąőńĺçěáłőľ äőàňë f(τ) = ∑ n>0 a_nq^n: a_n ≪ n^{k/2}. 2. Ďńï àïďă İľğěŋèâěľŋă e_k: a_n ≪ n^{k−1}

6.3 §ďàő őŕěàăâőàă Čěłłě

Őŕěàăâőà Čěłłě ŕěàěćőďĺâ ŕăàăąőńĺçěáłĺě äőàňë ć ŕăàăąőńĺçěáłĺě. Ć ŕăàăąőńĺçěáłĺå äőàňăå ďăŋŋőčő ćěáă ěáâì Čěłłě- áőąáâćěŋŋëľ ąăğĺá. İâő ŕőğćőńïěâ őŕàěďěńĺâì ïďàă áőőâćěâáâćãîéĺå őŕěàăâőàőć Čěłłě: T_k(n) : S^k → S^k, f(τ) → ∫ f(τ^′)h_n(τ, τ^′)(Imτ^′)^k dτ^′dτ^′ 2i . (6.145)

Ŕãáâì f_i(τ)- ąăğĺá ŋőàňăńĺğőćăŋŋëå (â.ě. a_1 = 1) Čěłłě- áőąáâćěŋŋëå ŕăàăąőńĺçěáłĺå äőàň ćěáă k^† . Ĺğćěáâŋő, çâő áőąáâćěŋŋëě ğŋăçěŋĺï n- čő őŕěàăâőàă Čěłłě àăćŋë áőőâćěâáâćãîéĺň łőíääĺæĺěŋâăň q- àăğńőęěŋĺï äőàňë (áň. ńěłæĺî 5):

T_k(n)f_i = a_{in}f_i. (6.146)

İâĺ ďăŋŋëě ŕőğćőńïîâ ŋăľâĺ ïďàă őŕěàăâőàőć:

h_n(τ, τ^′) = ∑ i f_i(τ)f_i(τ^′) < f_i, f_i > a_n. (6.147)

Ŋăŕàĺňěà, áãéěáâćãěâ âőńìłő őďŋă ŕăàăąőńĺçěáłăï äőàňă ćěáă 12- Δ(τ). Őŋă ïćńïěâáï Čěłłě- áőąáâćěŋŋőľ, ŕőíâőňã:

h^{12}_n =

Δ(τ)Δ(τ^′) const τ_n, (6.148)

čďě τ_n- łőíääĺæĺěŋâë àïďă: ∑ τ_nq^n = q ∏ (1 − q^n)^{24}. (6.149)

Ć íâőň ŕăàăčàăäě ňë ďőłăęěň őąéãî äőàňãńã ďńï ïďàă:

h_n(τ, τ^′) = ∑ ad−bc=n 1 (cττ^′ + aτ + dτ^′ + b)^k

, (6.150)

čďě áãňňĺàőćăŋĺě ćěďěâáï ŕő æěńëň a, b, c, d. Ňőęŋő ŕőłăğăâì, çâő ŕàĺ n ≥ 0 àïď áåőďĺâáï ł čőńőňőàäŋőľ äãŋłæĺĺ(???), ă ŕàĺ n < 0- ł ăŋăńĺâĺçěáłőľ(???). Ĺğ ĺŋâěčàăńìŋőčő ŕàěďáâăćńěŋĺï (6.145) ćĺďŋő, çâő äãŋłæĺï h_n(τ, τ^′) ďőńęŋă ąëâì ňőďãńïàŋő ĺŋćăàĺăŋâŋőľ ŕő őąěĺň ŕěàěňěŋŋëň. Ğăŕĺáăŋŋăï ć ćĺďě àïďă äãŋłæĺï h_n(τ, τ^′) áĺňňěâàĺçŋă, ŕőíâőňã ďőáâăâőçŋő ďőłăğăâì ňőďãńïàŋãî ĺŋćăàĺăŋâŋőáâì ŕő őďŋőľ ŕěàěňěŋŋőľ. Ďńï íâőčő ŕěàěŕĺèěň àïď áńěďãîéĺň őąàăğőň:

h_n(τ, τ^′) = ∑ ad−bc=n 1 (τ^′ +^{aτ +b}_{cτ +d} )^k(cτ + d)^k

(6.151)

Šěŕěàì SL(2, Z)- ĺŋćăàĺăŋâŋőáâì ŕő ŕěàěňěŋŋőľ τ őçěćĺďŋă.

†Ďńï áŕàăćłĺ: ŕàĺ k = 4, 6, 8, 10, 14 ŕăàăąőńĺçěáłĺå äőàň ŋěâ; ŕàĺ k = 12, 16, 18, 20, 22, 26 ěáâì őďŋă ŕăàăąőńĺçěáłăï äőàňă; ŕàĺ k = 24- ďćě.

Ŕàĺ n = 0 ňőęŋő ćëàăğĺâì àïď (6.150) çěàěğ àïďë İľğěŋèâěľŋă ŕő τ ĺ τ^′. Ďńï íâőčő ŋăň ŕőŋăďőąĺâáï áńěďãîéĺľ äăłâ ĺğ âěőàĺĺ çĺáěń. Şàăćŋěŋĺě ad = bc ĺňěěâ áńěďãîéĺě àěèěŋĺï ć æěńëå çĺáńăå: c = jγγ^′, d = jγ^′δ, b = jδδ^′, a = jγδ^′, (6.152) čďě (γ, δ) = 1 ĺ (γ^′, δ^′) = 1. İâő ŕàěďáâăćńěŋĺě ďćãłàăâŋő ,â.ł. ňőęŋő őďŋőćàěňěŋŋő ŕőňěŋïâì ğŋăłĺ ã γ, γ^′, δ, δ^′, ŕőíâőňã:

h_0(τ, τ^′) = ∑ ad−bc=0 1 (cτ τ^′+aτ +dτ^′+b)^k = 1 2 ∑ j 1 j^k ∑_1 (γτ +δ)^k ∑_1

(γ^′τ +δ^′)^k = =^{ek(τ )ek (τ ′)}_{γk} . (6.153)

Ďőłăęěň ŕăàăąőńĺçŋőáâì h_n(τ, τ^′) (ŋăŕàĺňěà ŕő τ^′). Ŕãáâì ďăŋë c ĺ d ĺ λ = ŊŐĎ(c, d), âőčďă λ ďěńĺâ n. Ŕãáâì æěńëě a_0 ĺ b_0 ãďőćńěâćőàïîâ ãàăćŋěŋĺî a_0d − b_0c = n. Šőčďă (äăłâ ĺğ âěőàĺĺ çĺáěń) ńîąëě ďàãčĺě àěèěŋĺï íâőčő ãàăćŋěŋĺï ŕàĺ äĺłáĺàőćăŋŋëå c ĺ d ĺňěîâ ćĺď: a^′ = a_0 + j^c_λ , b^′ = b_0 + j^d_λ , j ∈ Z. Ŕőíâőňã ňőęŋő ŕěàěŕĺáăâì h_n ć ćĺďě:

h_n(τ, τ^′) = ∑ ad−bc=n 1 (τ^′+^{aτ +b}_{cτ +d} )^k (cτ +d)^k = = ∑ c,d,j 1 (τ^′+^{a0τ +b0} cτ +d + j λ )^k(cτ +d)^k = = ∑ c,d 1 (cτ +d)^k λ kϵ_k (( τ^′ +^{a0τ +b0}_{cτ +d} ) λ ) . (6.154)

Ğďěáì ϵ_k- âàĺčőŋőňěâàĺçěáłĺě äãŋłæĺĺ İľğěŋèâěľŋă (áň. ńěłæĺî 1). Ŕàĺ τ^′ → i∞, ϵ_k → 0, çâő ĺ ďőłăğëćăěâ ŕăàăąőńĺçŋőáâì, ă áńěďőćăâěńìŋő ĺ ąĺŕăàăąőńĺçŋőáâì h_n.

Ćăęŋőě áćőľáâćő àïďőć h_n:

T_k(n)h_1 = n^{k−1}h_n. (6.155)

Ěáńĺ f(τ)- ŕăàăąőńĺçěáłăï äőàňă ćěáă k, âő h_1(τ, −τ^′)- ïďàő őŕěàăâőàă T_k(1): ∫ M f(τ) ∑ ad−bc=1 1 (τ^′−^{aτ +b}_{cτ +d} )^k (cτ +d)^k y k dxdy y^2 = = ∑ ad−bc=1 ∫ α(M) f(τ)(τ ′ − τ)^{−k}y^{k dxdy}_{y2} = 2 ∫ Imτ >0 f(τ)(τ ′ − τ )^{−k}y^{k dxdy}_{y2} = c_kf(τ^′) (6.156)

Ňë ćőáŕőńìğőćăńĺáì âěň, çâő (τ^′ −τ )^{−k}y^k- äãŋłæĺï Čàĺŋă ŋă ćěàåŋěľ ŕőńãŕńőáłőáâĺ. Šěŕěàì, ĺáŕőńìğãï íàňĺâőćőáâì őŕěàăâőàőć Čěłłě ĺ áćőľáâćő (6.155), ňőęŋő ďőłăğăâì, çâő àïď h_n ďěľáâćĺâěńìŋő ïćńïěâáï ïďàőň T_k(n):

T_k(n)g =< T_k(n)g, h_1 >=< g, T_k(n)h_1 >= n^{k−1} < g, h_n > . (6.157)

Őâňěâĺň ŋěâàĺćĺăńìŋëě áńěďáâćĺï âőčő, çâő ŋěâ ŕăàăąőńĺçěáłĺå äőàň ćěáă k = 4, 6, 8, 10, 14: áőőâćěâáâćãîéĺě h_k = 0.

7 Ńěłæĺï 7: Čńăćŋëě łőŋčàãíŋæ-ŕőďčàãŕŕë. Ňőďãńïàŋëě äőàňë ŋă ŕőďčàãŕŕăå ć SL(2, C )2Z.

Ŋăŕőňŋĺň ďćă ŕãŋłâă ć őŕàěďěńěŋĺě ňőďãńïàŋőľ äőàňë ćěáă k: 1. f( aτ + b cτ + d ) = (cτ + d)^kf(τ), ( a b c d ) ∈ SL(2, C )2Z (7.158)

2. f(τ) = ∞∑ n=0 a_nq^n, q = e(τ) (7.159)

Űěńìî ŋăáâőïéěľ ńěłæĺĺ ïćńïěâáï ĺğãçěŋĺě ňőďãńïàŋëå äőàň, őâŋőáĺâěńìŋő ŋěłőâőàőľ ŕőďčàãŕŕë Γ ∈ SL(2, C )2Z. Ŕěàćëľ ŕãŋłâ ć őŕàěďěńěŋĺĺ (7.158) őáâăěâáï ŋěĺğňěŋŋëň, âőčďă łăł ćâőàőľ, őğŋăçăîéĺľ åőàőèěě ŕőćěďěŋĺě f(τ), ŕàĺ τ → ∞, âàěąãěâ àăğêïáŋěŋĺľ. (Ćőőąéě áńěďãěâ őâňěâĺâì, çâő ŋěőąåőďĺňőáâì ãáńőćĺï (7.159) áćïğăŋă á ęěńăŋĺěň àăááňăâàĺćăâì łőŋěçŋőňěàŋőě ŕàőáâàăŋáâćő ňőďãńïàŋëå äőàň.) Şáńőćĺě (7.159) ďńï čàãŕŕë SL(2, C )2Z őğŋăçăěâ åőàőèěě ŕőćěďěŋĺě f(τ) ŋě âőńìłő ŋă ąěáłőŋěçŋőáâĺ, ŋő ć ĺ ńîąőľ àăæĺőŋăńìŋőľ âőçłě, â.ě. ŋă ňŋőęěáâćě Q ∪ ∞, âăł łăł SL(2, C )2Z ďěľáâćãěâ ŋă íâőň ňŋőęěáâćě âàăŋğĺâĺćŋő. Ďńï ŕàőĺğćőńìŋőľ ŕőďčàãŕŕë Γ ∈ SL(2, C )2Z íâő ŋě âăł, ŕőíâőňã ăŋăńőč ãáńőćĺï (7.159) ďőńęěŋ ąëâì ŋăńőęěŋ ŋă ćáě őàąĺâë Γ\{Q ∪ ∞}, łăęďăï ĺğ łőâőàëå áőáâőĺâ ĺğ âăłĺå àăæĺőŋăńìŋëå âőçěł, łőâőàëě áćïğăŋë ďěľáâćĺěň ŕőďčàãŕŕë Γ.

Ćăęŋëň ŕàĺňěàőň ŕőďčàãŕŕë ĺğ SL(2, C )2Z ïćńïěâáï, âăł ŋăğëćăěňăï, čńăćŋăï łőčàãíŋæ-ŕőďčàãŕŕă ãàőćŋï N. Ňăâàĺæë, áőáâăćńïîéĺě íâã ŕőďčàãŕŕã, áàăćŋĺňë á ěďĺŋĺçŋőľ ŕő ňőďãńî N:

Γ(N) = ( 1 0 0 1 ) modN (7.160)

Ďăďĺň ěéě ďćă áâăŋďăàâŋëå őŕàěďěńěŋĺï:

Γ_0(N) = ( ∗ ∗ 0 ∗ ) modN (7.161)

Γ_1(N) = ( 1 ∗ 0 1 ) modN (7.162)

Ňë ąãďěň ĺğãçăâì ãğłĺľ łńăáá ŕőďčàãŕŕ ć SL(2, C )2Z, łőâőàëě áőďěàęăâ Γ(N) ďńï łăłőčő-âő N, â.ě.

Γ : ∃N, Γ(N) ∈ Γ ∈ SL(2, C )2Z (7.163)

(İâĺ ŕőďčàãŕŕë ŋăğëćăîâáï łőŋčàãíŋæ-ŕőďčàãŕŕăňĺ ãàőćŋï N.) Šăłőě őčàăŋĺçěŋĺě ŕőğćőńĺâ àăğńăčăâì f(τ) ć àïď. Ďěľáâćĺâěńìŋő, q-àăğńőęěŋĺï ďńï ňőďãńïàŋëå äőàň őâŋőáĺâěńìŋő SL(2, C )2Z ćőğŋĺłăńő łăł áńěďáâćĺě âőčő, çâő ć SL(2, C )2Z áãéěáâćőćăńă ŕőďčàãŕŕă Γ_∞ (áâăąĺńĺğăâőà ∞)

Γ_∞ = ( 1 i 0 1 ) , i ∈ Z (7.164) łőâőàăï őğŋăçăńă, çâő ńîąăï äőàňă ŕěàĺőďĺçŋă á ŕěàĺőďőň 1, őâłãďă ĺ áńěďőćăńő àăğńőęěŋĺě ć àïď ŕő áâěŕěŋïň e(τ). Šěŕěàì ęt ňăâàĺæă ( 1 1 0 1 ) (7.165)

ćőćáě ŋě őąïğăŋă ŕàěŋăďńěęăâì Γ. Ć âő ęě ćàěňï ãáńőćĺě (7.163) čăàăŋâĺàãěâ, çâő ∃ν : ( 1 ν 0 1 ) ∈ Γ (7.166)

Ćëąěàěň ŋăĺňěŋìèěě ĺğ âăłĺå ν. Šőčďă f(τ) = f(τ + ν) ĺ, áńěďőćăâěńìŋő, f(τ) = ∑ n≥0 a_nq^{nν} (7.167)

Šőâ äăłâ, çâő áãňňă ć (7.167) ąěàěâáï âőńìłő ŕő ŕőńőęĺâěńìŋëň áâěŕěŋïň, ŋĺőâłãďă ŋě áńěďãěâ, ă ïćńïěâáï ďőŕőńŋĺâěńìŋëň ãáńőćĺěň, ăŋăńőčĺçŋëň (7.159). Ŕăàăąőńĺçěáłĺě äőàňë őŕàěďěńïîâáï âăłęě ăŋăńőčĺçŋő, â.ě. ďńï ŋĺå a_0 = 0.

Šěŕěàì ćěàŋěňáï ł őąáãęďěŋĺî âőčő, çâő ŕőďčàãŕŕă Γ ďěľáâćãěâ ŋă ňŋőęěáâćě Q ∪ ∞, ćőőąéě čőćőàï, ŋěâàăŋğĺâĺćŋő. Ğŋăçĺâ, ãáńőćĺï (7.167) ŋěďőáâăâőçŋő ďńï åőàőèěčő ŕőćěďěŋĺï f(τ), â.ě ăŋăńőč íâőčő ãáńőćĺï áńěďőćăńő ąë ŋőńőęĺâì ćő ćáěå àăæĺőŋăńìŋëå âőçłăå. İâő áçěâŋőě çĺáńő ãáńőćĺľ ňőęŋő ğăŕĺáăâì ć ďàãčőň ćĺďě. Ă ĺňěŋŋő, ňőęŋő áćěáâĺ ĺğãçěŋĺě ŕőćěďěŋĺï ňőďãńïàŋőľ äőàňë őâŋőáĺâěńìŋő ŕőďčàãŕŕë Γ ć őłàěáâŋőáâĺ ćáěå àăæĺőŋăńìŋëå âőçěł λ, ł ĺğãçěŋĺî ŕőćěďěŋĺï íâőľ ňőďãńïàŋőľ äőàňë őâŋőáĺâěńìŋő čàãŕŕ Γ^{(λ)} ć őłàěáâŋőáâĺ ∞, čďě ŕőďčàãŕŕë Γ^{(λ)} ŕőńãçăîâáï ĺğ Γ áőŕàïęěŋĺěň íńěňěŋâőň ĺğ SL(2, C )2Z, ŕěàěćőďïéĺň λ → ∞.

??????

Ďőłăęěň, çâő ňŋőęěáâćő Γ\{Q∪∞} łőŋěçŋő. Ďńï íâőčő ďőáâăâőçŋő ğăňěâĺâì, çâő {Q∪∞} = SL(2, C )2Z/Γ_∞ , âőčďă Γ\{Q∪∞} = Γ\SL(2, C )2Z/Γ_∞ , ŋő ãęě ńěćëľ äăłâőà łőŋěçěŋ. İâő ňŋőęěáâćő ŋăğëćăěâ ňŋőęěáâćőň ćěàèĺŋ, ňŋőęěáâćőň ŕăàăąőńĺçěáłĺå âőçěł ĺńĺ łăáŕăňĺ (cusp).

8 Ńěłæĺï 9: Ňőďãńïàŋëě äőàňë §łőąĺ

Ğăŕĺèěň ňőďãńïàŋãî äőàňã Ğĺčěńï, â.ě. äőàňã ĺŋćăàĺăŋâŋãî őâŋőáĺâěńìŋő ŕàěőąàăğőćăŋĺľ M = ( A B C D ) : Ω → (ΩB + D)^{−1}(ΩA + C), čďě Ω = ( τ ξ ξ τ^′ ) (8.168)

ć ćĺďě àïďă ŕő w = e(τ^′): F (Ω) = ∑ m f_m(ξ, τ)w^m (8.169)

Ňőďãńïàŋőáâì őğŋăçăěâ, çâő

F (MΩ) = det^k(ΩB + D)F (Ω) (8.170)

Ŕãáâì âěŕěàì ňăâàĺæă M ćëčńïďĺâ áńěďãîéĺň őąàăğőň:

M : A = ( 1 λ 0 1 ) , B = ( 0 0 0 0 ) , C = ( 0 μ μ ρ ) , D = ( 1 0 −λ 1 ) (8.171)

Šőčďă (8.170) őğŋăçăěâ: (τ, ξ, τ^′) = (τ, ξ + λτ + μ, τ^′ + 2λξ + λ^2τ + ρ), f_m(ξ + λτ + μ, τ) = e(−m(λ^2τ + 2λξ))f_m(ξ, τ), (8.172)

â.ě. f_m ŕàěőąàăğãěâáï łăł 2m áâěŕěŋì âíâă-äãŋłæĺĺ. Ă őâŋőáĺâěńìŋő ňőďãńïàŋëå ŕàěőąàăğőćăŋĺľ, ďěľáâćãîéĺå ŋă τ:

f_m( aξ cτ + d ) = (cτ + d)^ke ( mcξ^2 cτ + d ) f_m(ξ, τ) (8.173)

Šăłőě ŕàěőąàăğőćăŋĺě čěŋěàĺàãěâáï ňăâàĺæěľ

M : A = ( a 0 0 1 ) , B = ( b 0 0 0 ) , C = ( c 0 0 0 ) , D = ( d 0 0 1 ) , ad − bc = 1 (8.174) Śńăąőľ äőàňőľ §łőąĺ ćěáă k ĺ ĺŋďěłáă m ąãďěň ŋăğëćăâì äãŋłæĺî f(ξ, τ), ãďőćńěâćőàïîéãî áćőľáâćăň (8.172) ĺ (8.173).

Śńăąăï äőàňă §łőąĺ ŋăğëćăěâáï äőàňőľ §łőąĺ, ěáńĺ ěě àăğńőęěŋĺě f(ξ, τ) = ∑ c(n, l)e(ξn)e(τl) (8.175)

ĺďěâ ŕő n^2 ≤ 4lm, ŕàĺçěň ć áńãçăě n^2 < 4lm őŋă ŋăğëćăěâáï ŕăàăąőńĺçěáłőľ.

Ďńï Šěľńőàőćáłőčő àăğńőęěŋĺï (8.175) őâňěâĺň áćőľáâćő: ěáńĺ ďćě ŕăàë çĺáěń n, l ĺ n^′, l^′ âăłőćë, çâő l = l^′mod2m, 4mn − l^2 = 4mn^′ − l^{′2}, (8.176) âő c(n, l) = c(n^′, l^′) (8.177)

Ćěàŋěňáï áŋőćă ł ňăâàĺæăň (8.171) ĺ (8.174). İâĺ ňăâàĺæë ïćńïîâáï áâăąĺńĺğăâőàăňĺ τ^′ = ∞ ĺ őąàăğãîâ áőőâćěâáâćãîéãî ŕőďčàãŕŕã. Łàőňě âőčő ňăâàĺæë (8.171), łőâőàëě ąãďěň őąőğŋăçăâì T (λ, μ, ρ), őąàăğãîâ čàãŕŕã Z^2 ⋉ Z. Ŕěàěňěŋŋăï ρ ŕăàăňěâàĺğãěâ æěŋâàăńìŋőě àăáèĺàěŋĺě, čěőňěâàĺçěáłĺľ áňëáń łőâőàőčő áőáâőĺâ ć âőň, çâő őŋő őŕàěďěńïěâ ”ŋăŕàăćńěŋĺě” ł âőçłě τ^′ = ∞. Ğăŕĺèěň čàãŕŕőćőľ ğăłőŋ ãňŋőęěŋĺï ďńï ňăâàĺæ T (λ, μ, ρ):

T (λ, μ, ρ)T (λ^′, μ^′, ρ^′) = T (λ + λ^′, μ + μ^′, ρ + ρ^′ + μλ^′ − μ^′λ) (8.178)

İâă čàãŕŕă ŋăğëćăěâáï čàãŕŕőľ Čěľğěŋąěàčă-Ćěľńï H. Ěě ŕőïćńěŋĺě áćïğăŋő á âěň, çâő ŋă Z^2 ěáâì áĺňŕńěłâĺçěáłăï äőàňă, łőâőàăï ŕàőĺğćőďĺâ ăńčěąàã Čěľğěŋąěàčă, ă čàãŕŕă Čěľğěŋąěàčă-Ćěľńï ěáâì ŕőďŋïâĺě íâőľ ăńčěąàë ďő čàãŕŕë. Ćáŕőňŋĺň âěŕěàì, çâő (8.174) ŕőàőęďăńă őąëçŋőě ďěľáâćĺě SL(2, C )2Z ŋă τ (8.173). İâő ďěľáâćĺě áőåàăŋïěâ ćëèěãŕőňïŋãâãî áĺňŕńěłâĺçěáłãî áâàãłâãàã (ĺńĺ äőàňã őąêěňă μλ^′ −μ^′λ) ŋă Z^2 ĺ, áńěďőćăâěńìŋő, ňőęěâ ďěľáâćőćăâì ŋă čàãŕŕã Čěľğěŋąěàčă H, â.ě. ŕőńŋăï čàãŕŕă:

SL(2, C )2Z ⋉ H (8.179)

Šěŕěàì ŕěàěçĺáńĺň àăğńĺçŋëě áŕőáőąë ŕőáâàőěŋĺï őąëçŋëå ňőďãńïàŋëå äőàň ĺğ ňőďãńïàŋőľ äőàňë §łőąĺ.

Ćő-ŕěàćëå, łăł őçěćĺďŋő áńěďãěâ ĺğ (8.173), ňőďãńïàŋăï äőàňă ŕőńãçĺâáï ŕàĺ ξ = 0 ĺńĺ m = 0.

Ćő-ćâőàëå, ěáńĺ λ, μ ∈ Q - àăæĺőŋăńìŋëě çĺáńă, âő

e(mλ^2)f_m(λτ + μ, τ) (8.180)

ěáâì ňőďãńïàŋăï äőàňă őâŋőáĺâěńìŋő àěèěâłĺ ĺŋďěłáă N^2, ć âőň áńãçăě łőčďă Nλ, Nμ ∈ Z (8.181) Őâáîďă áńěďãěâ, çâő ňőďãńïàŋëě äőàňë §łőąĺ łőŋěçŋőňěàŋë. Ňë ãćĺďĺň íâő ďàãčĺň áŕőáőąőň.

Ğăňěâĺň, çâő ĺğ (8.173) áńěďãěâ ŋě âőńìłő âő, çâő f(0, τ) ïćńïěâáï ňőďãńïàŋőľ äőàňőľ ćěáă k, ŋő ĺ âő, çâő f^′(0, τ) ïćńïěâáï ňőďãńïàŋőľ äőàňőľ ćěáă k + 1. Őďŋăłő f^{′′}(0, τ) ãęě őçěćĺďŋő ŋě ąãďěâ ňőďãńïàŋőľ äőàňőľ ćěáă k + 2. Šěň ŋě ňěŋěě, ŕăàăğĺâŋëľ çńěŋ ňőęŋő ĺáłńîçĺâì àăááňőâàěć ćëàăęěŋĺě kf^{′′}(0, τ) − mḟ(0, τ). Őąéěě ãâćěàęďěŋĺě áőáâőĺâ ć âőň, çâő ăŋăńőčĺçŋëň őąàăğőň ňőęŋő ğăàăąőâăâì ňőďãńïàŋãî äőàňã ćěáă k + i, i ∈ Z: f(0, τ) f^′(0, τ) kf^{′′}(0, τ) − mḟ(0, τ) . . . (8.182)

Ąőńěě âőčő, ćáě âăłĺě ňőďãńïàŋëě äőàňë, łàőňě ŕěàćőľ, ïćńïîâáï ŕăàăąőńĺçěáłĺňĺ.

Ĺâăł, ďńï ňőďãńïàŋëå äőàň §łőąĺ J_{k,m} ňë őŕĺáăńĺ ćńőęěŋĺě:

J_{k,m} → M_k ⊕ S_{k+1} ⊕ S_{k+2} ⊕ . . . (8.183)

Ŋă áăňőň ďěńě áãňňă ć ŕàăćőľ çăáâĺ őčàăŋĺçěŋă çĺáńőň k + 2m + 1, âăł łăł, ěáńĺ äőàňă §łőąĺ ńěęĺâ ć ïďàě ãęě íâőčő őâőąàăęěŋĺï, âő őŋă àăćŋă ŋãńî (ć ŕàőâĺćŋőň áńãçăě ã ŋěě ąãďěâ ŋőńì łàăâŋőáâĺ ąőńìèě 2m). Ğŋăçĺâ, J_{k,m} → M_k ⊕ S_{k+1} ⊕ . . . ⊕ S_{k+2m} (8.184) Őâáîďă ĺňěěň: dim J_{k,m} ≤ { dim M_k + dim S_{k+2} + . . . + dim S_{k+2m}, ěáńĺ k − çěâŋőě dim S_{k+1} + . . . + dim S_{k+2m−1}, ěáńĺ k − ŋěçěâŋőě

(8.185)

Šěň áăňëň ďőłăğăŋă łőŋěçŋőňěàŋőáâì ňőďãńïàŋëå äőàň §łőąĺ. Łàőňě âőčő ňë ŕàőďěňőŋáâàĺàőćăńĺ, çâő ŕăàăąőńĺçěáłăï äőàňă ŋěőďŋăğŋăçŋő ŕőďŋĺňăěâáï ďő äőàňë

§łőąĺ. İâő ãâćěàęďěŋĺě ćěàŋő ďńï ńîąőľ ŕăàăąőńĺçěáłőľ äőàňë. Ąőńěě âőčő ďńï J_{k,1} ãłăğăŋŋőě ćńőęěŋĺě őłăğëćăěâáï ĺğőňőàäĺğňőň:

J_{k,1} ∼= M_k ⊕ S_{k+2}, ěáńĺ k − çěâŋőě (8.186)

Ďńï âőčő, çâőąë ďőłăğăâì íâő ãâćěàęďěŋĺě, áńěďãěâ ŕőáâàőĺâì ďőáâăâőçŋő ňŋőčő äőàň §łőąĺ. Ŕő ăŋőńőčĺĺ ŕőáâàőĺň àïďë İľğěŋèâěľŋă: E_{k,m}(ξ, τ) = 1 2 ∑ (c,d)=1 ∑ λ∈Z (cτ + d)^{−k}e(m ( λ^2 aτ + b cτ + d + τλ − cξ^2 cτ + d ) ) (8.187)

Şâćěàęďăěâáï, çâő âăłĺě àïďë ïćńïîâáï ňőďãńïàŋëňĺ äőàňăňĺ §łőąĺ ćěáă m ĺ ĺŋďěłáă k. Ćëçĺáńěŋĺě łőíääĺæĺěŋâőć àăğńőęěŋĺï ïćńïěâáï áńőęŋőľ ğăďăçěľ. Űăčĺàőň őŋă ąëńă áďěńăŋă ďńï E_{k,1}. Őłăğëćăěâáï, çâő ăŋăńőčĺçŋő őąëçŋëň àïďăň İľğěŋèâěľŋă, ňőďãńïàŋëě äőàňë J_{k,1} ŕőàőęďăîâáï E_{4,1} ĺ E_{6,1}. Őďŋăłő ŋěćěàŋő, çâő ćáě ňőďãńïàŋëě äőàňë §łőąĺ ŕőàőęďăîâáï åőâï ąë ŋěłőâőàëň łőŋěçŋëň ŋăąőàőň ,ďàãčĺňĺ áńőćăňĺ, ŕőńŋőě łőńìæő äőàň §łőąĺ ŋěłőŋěçŋő ŕőàőęďěŋő.